NOTES ON QUASI-FREE ALGEBRAS

RICHARD VALE

ABSTRACT. These are the lecture notes from the course MATH 7350: Algebraic Differential Algebra given
at Cornell in August-December 2009. The notes cover most of the content of the famous paper [CQ95a]
of Cuntz and Quillen, which introduced the notion of a quasi-free algebra. The notes also include an
introductory section on Morita theory and Hochschild (co)homology. Some exercises and examples are also

included.

1. INTRODUCTION

Our basic objects of study are algebras, which is to say, rings which are also vector spaces. We will work
over a field k (usually C). Our algebras are not assumed to be finite-dimensional. It is difficult to say very
much about algebras at this level of generality, so people usually take one of two approaches: either putting

a topology on the algebra, or assuming some sort of finiteness condition.

1.1. Topological approach. Introduce a topology (for example, via a norm). This leads to notions like C*
algebras or Banach algebras. An example is C*° (M) where M is a manifold. In this setting, Connes developed
a lot of constructions of differential geometry for arbitrary C* algebras by generalising the corresponding
notions for C°°(M). The kind of things to generalise are topological or differential invariants of M, for
example de Rham cohomology or differential forms on M. This field is sometimes referred to as the study

of noncommutative manifolds. For more information, see [Con94].

1.2. Algebraic approach. Parallel to the topological approach, instead impose some kind of finiteness
condition, for example Noetherianness. For commutative rings, the study of finitely-generated commutative
k—algebras is algebraic geometry. For general rings, this subject is usually known as “ring theory”. A good
reference is [MRO1].

Methods introduced by Connes in the toplogical setting were developed in the algebraic setting by Cuntz
and Quillen in their paper [CQ95a], and elsewhere. We intend to study this paper.

The “differential algebra” in the title of the course refers to the fact that we are studying things like
differential forms, and the “algebraic” refers to the fact that we are in the algebraic setting, rather than the

topological setting. This explains the title.

1.3. Topics to be studied. We intend to cover the following topics.

(1) Morita theory.

(2) Hochschild (co)homology and deformations.



(3) Working through the paper [CQ95a], with examples.

1.4. Acknowledgements. The idea of generalized representations (Sections 5.1 and 5.2) is due to Yuri
Berest. The results of Sections 5.2 and Proposition 7.9 are original, as far as we are aware. Sources for
the other results are given in the text. Thanks to Youssef El Fassy Fihry, George Khachatryan and Tomoo
Matsumura for attending the course and making many helpful comments. Any errors in the text are the

responsibility of the author.

2. MORITA THEORY
We work over a field k, usually k¥ = C. Unadorned tensor products are usually over k.

2.1. Basic definitions. A k—algebra is a k—vector space A together with a bilinear multiplication A®R; A —
A which is associative and which has a unit element 14. Another way of saying this is that an algebra is a

ring which is also a vector space, such that the multiplication is bilinear.

Examples 2.1. Some algebras:

o k.

o The free algebra k(x1,xa,...,2y).
e Path algebra of a quiver, kQ.

o M, (A), where A is an algebra.

If A is an algebra, a left A—module M is a vector space M equipped with a bilinear map A ® M — M,
written a @ m — am, and satisfying the axioms 14m = m for all m € M, and a(bm) = (ab)m for all a,b € A
and all m € M.

A map of modules (also called an A-map or homomorphism) is a linear map f : M — N which
satisfies f(am) = af(m) for all a € A and all m € M.

The category of all left A—modules and module maps will be denoted A — Mod. It is always abelian.

We have the analogous notion of a right A—module and the category Mod — A. (A right A-module M
has a map M ® A — M and satisfies the axiom (ma)b = m(ab) for all m € M and all a,b € A)

A module is also known as a representation of A.

Given two algebras A and B, an A — B—bimodule is a vector space M which is a left A—module and a
right B-module, and which satisfies the additional axiom that (am)b = a(mb) for all a,b € A and all m € M.

An A — A-bimodule is often called an A-bimodule. The category of A-bimdoules will be denoted A —
Bimod.

Definition 2.2. If A is an algebra with multiplication -, the opposite algebra A°P is defined as the vector

space A together with the multiplication o given by aob:=b-a.

Exercise 2.3. The following exercise shows that Mod — A and A — Bimod are special cases of A — Mod.
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(1) Show that a right A-module is the same thing as a left A°?—module.
(2) Show that an A-bimodule is the same thing as a left A ®j A°?—module.

Note that in the above exercise, we used the fact that if A and B are algebras then there is a natural
algebra structure on the tensor product A ® B. This can easily be checked.

A left A-module M is finitely-generated, or f.g. for short, if there exist mq,...,m,, € M such that
M =37, Am;. We will write A — mod and mod — A for the full subcategories of A — Mod and Mod — A
consisting of the f.g. modules. We usually study only f.g. modules when we insist that our algebras satisfy
conditions like Noetherianness (see [MRO1, Chapter 0]). But caution! In general, A — mod need not be an

abelian category.

2.2. Morita Theory. Morita theory addresses the question of when two algebras A and B have equivalent

categories of modules.

Definition 2.4. Given algebras A and B, we say that A and B are Morita equivalent if A—Mod is equivalent
to B — Mod.

Before studying Morita equivalence, we first give some examples.

Definition 2.5. Let C be a category. The centre of C is the set Z(C) = Nat(ide,id¢) of natural transforma-

tions from the identity functor on C to itself.
It is easy to see that the centre of an additive category is a ring. (Exercise).
Proposition 2.6. If A is a ring then Z(A — Mod) is isomorphic to Z(A).

Proof. To give a natural transformation ¢ : ide — ide is the same as giving a map ¢y : M — M for all

A-modules M, such that if f: M — N is any map then the following square commutes.

dm
M —M

/| |

N ﬂ> N
Given such a ¢, we have in particular the A-module map ¢4 : A — A. This satisfies ¢pa(a) = ada(1), so it is
determined by ¢4(1) € A. If M is an arbitrary A-module and m € M, then there is a map A — M g iven by
a — am. So ¢ar(m) = ¢a(1)m and hence ¢ is fully determined by ¢4(1). Thus, the map Z(A —mod) — A
given by ¢ — ¢4 (1) is injective. Also, if b € A then -b: A — A is an A-module map, where -b denotes right
multiplication by b. This implies that ¢4 (1)b = bpa(1) for all b € A, and therefore ¢p4(1) € Z(A). It is now
easy to finish the proof by checking that Z(A — mod) — Z(A) is surjective, and that it respects the ring

structure given by the above exercise. ([l

Corollary 2.7. If A and B are commutative and Morita equivalent, then A and B are isomorphic.
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In geometric language, the corollary says (in particular) that an affine variety is determined by the category
of quasicoherent sheaves on it.

It is now natural to ask whether it is possible for two nonisomorphic rings to be Morita equivalent. The
answer is yes. For example, take A = k, B = Ms(k). Then A and B are not isomorphic because A is
commutative and B is not. But A — Mod is equivalent to B — Mod. To see this, we need to use the fact
that every B-module is a direct sum of copies of the module k2 of column vectors. This follows from some
elementary algebra, although proving it from scratch might not be straightforward. Given this fact, we may
define a functor A — mod — B — mod sending k%" to (k?)®". Because both A — mod and B — mod are
semisimple categories with a unique simple object whose endomorphism ring is k, they are equivalent. Note
that this doesn’t actually show that A — Mod is equivalent to B — Mod, but we will show later that this is

the case.
2.3. Equivalences of module categories. We prove some lemmas about equivalences.

Lemma 2.8. Suppose F': A — Mod — B — Mod is an equivalence. Suppose M is a f.g. A-module. Then

Proof. We just need to show that being finitely-generated is a categorical property. This is true because we
can express finite generation as follows:

A module M is finitely-generated if and only if for every surjection 7 : @, ; N; — M there exists a finite

icl

subset J C I such that the restriction of  to € ; N; is surjective.

It is an exercise to show that the above property is equivalent to M being f.g, which finishes the proof. [
The next lemma describes an arbitrary equivalence.

Lemma 2.9. Suppose F' : A — Mod — B — Mod is an equivalence. Then there exists a unique bimodule
BQa such that there is an isomorphism of functors F = H, where H(M) = gQa ®4 M for all A-modules
M.

Proof. The following proof by Ginzburg and Boyarchenko is taken from the notes [Gin05].

We will take @ = F(A). We need to show that this is a B — A-bimodule. By definition, F'(A) is a
left B—module. To show that it is a right A-module, for a € A we consider the map -a : A — A given
by right multiplication by a. Then F(-a) is a B-map. This makes F'(A) into a right A-module, and it is
straightforward to check that the actions of A and B commute, so that F'(A4) is a bimodule.

To define a natural transformation from H to F, we need to define a ¢y : H(M) — F(M) for every
M € A—Mod. Given z @ m € H(M), with z € F(A) and m € M, we define ¢ (z @ m) = F(py,)(x) where
Pm : A — M is defined by p,,(a) = am.

It is necessary to check that this is well-defined, which amounts to checking that xa ® m and x ® am have
the same image for a € A. Also, if b € B then ¢y (bz @ m) = F(pn)(bx) = bF(pp)(x) since F(py,) is a
B-map. This shows that ¢j; is a B—map as well.



Now we need to show that the maps ¢,; are natural. That is, if A : M — N is an A—map, we need to

show that the following square commutes.

H(N

H(M) — H(N)

3%} \L l oN
FO)

F(M) — F(N)

For x @ m € H(M), we have F(A\)oy(x @ m) = F(A)F(pp)(x @ m) = F(Apm)(x) = F(pam))(x) =
dNH(N)(z ® m). This proves the naturality.
Thus, ¢ = (¢ar) is a natural transformation H — F of functors A — Mod — B — Mod. We need to show

that it is an isomorphism. Let M € A — Mod. Then there is an exact sequence
A®T A% M0

for some (possibly infinite) sets I and J. We form this by having some free module surject onto M, and
then having another free module surject onto the kernel of (A®T — M).

Naturality, together with the fact that our functors are equivalences, yields a diagram:

H(A®)) —> H(A®T) —> M —> 0

L]

F(A®)) — > F(A®T) — > M —> 0

It is easy to check that for any indexing set I, the map ¢ er is an isomorphism, since ¢4 is. Therefore, the
first two vertical maps in the above diagram are isomorphisms. The Five Lemma then implies that the map
én : M — M is also an isomorphism.

Finally, for the uniqueness of @, observe that if R is an B — A-bimodule such that F(M) = R®4 M for
all M, then R = F(A). There is a little more work to be done to check that this is really an isomorphism of
bimodules. (I

Corollary 2.10. Two rings A and B are Morita equivalent if and only if there exist bimodules Q4 and

ARpB such that Q ® 4 R = B as B-bimodules and R®Qp Q = A as A-bimodules.

Proof. If such @, R exist, define F(M) = Q ®4 M and G(N) = R®p N. Then F and G are a pair
of inverse equivalences between A — Mod and B — Mod. Conversely if ' : A — Mod — B — Mod and

G : B—Mod — A — Mod are inverse equivalences, then by the above lemma, we have
A>GF(A) 2 G(B)®p F(A)

and

B FG(B) = F(A) @4 G(B)



as required. (That these are really bimodule isomorphisms follows from the fact that id 2 GF and id & FG

are isomorphisms of functors.) |

We get the following not-obvious-from-the-definition corollary.

Corollary 2.11. If A and B are rings then A — Mod is equivalent to B — Mod if and only if Mod — A is
equivalent to Mod — B.

Proof. The condition in Corollary 2.10 is symmetric in A and B. ]

2.4. Progenerators. Consider an equivalence F': A — Mod — B — Mod. The B-module pF'(4) is:
e projective.
e finitely-generated (by Lemma 2.8).

e a generator.

Definition 2.12. A module s M is called a generator if for all nonzero f : X — Y in A—Mod, there exists
some h: M — X with fh # 0.

The above definition makes sense in any additive category. It is easy to see that 4 A is a generator, therefore
sois pF(A). Furthermore, pF(A) is f.g. because A is, and we have shown that finite-generation is preserved

by equivalences. Thus, gF(A) is a progenerator.

Definition 2.13. A progenerator in a module category is an object which is a finitely-generated projective

generator.
We need other ways to characterise being projective and being a generator.

Proposition 2.14. A module 4 M is a generator if and only if the evaluation map
M x Homy(M,A) — A

18 surjective.

Proof. This proof is taken from [Row08, section 25A].

If AM is a generator, set I to be the image of the evaluation map M x Homa (M, A) — A. Then [ is
a two-sided ideal of A. If I # A, the consider m : A — A/I. There is no h : M — A with h(M) # 0, a
contradiction. Therefore, I = A.

Conversely, if the evaluation map is surjective then there exist g; : M — A and m; € M with Y g;(m;) =
14. Now let f: X — Y be any nonzero map of left A—modules. Suppose f(z) # 0. Define A\; : M — X by
Ai(m) := g;(m)z. Then

fz)\i(mi) = fzgi(mi)w =f(z) #0
and hence fA;(m;) # 0 for some i, so fA; # 0. O



Exercise 2.15. Now show that M is a generator if and only if there exists n > 1 such that there is a

surjection MO — A.

Lemma 2.16 (Dual basis lemma). A module 4 M is f.g. projective if and only if there exist x1,...x, € M

and ©1,...,90n : M — A such that

for allm e M.

Proof. If M is a f.g. projective module, let i : M — A™ and 7 : A™ — M be a splitting, that is, m¢ = id ;.
Define ¢; to be the composition of M — A™ with the i*" projection. Then i : m s (p1(m),. .., pn(m)). Let
x; = m(0,...,1,0,...,0), the image under 7 of a vector with 1 in the i*" place and zeroes elsewhere. Then
m = @;(m)z; for all m € M.

Conversely, given a dual basis {p;},{z;}, define M — A™ via m — (p1(m),...,on(m)) and define
A" — M via (0,...,1,0,...,0) — x;. This gives a splitting, so M is projective. |

Corollary 2.17. 4 M is f.g. projective if and only if the map
Homy (M, A) x A — Enda (M)
defined by ¥ @ m — (n — ¥(n)m) is surjective.
Proof. This is just a restatement of the existence of a dual basis. O

We have seen that an equivalence of module categories gives rise to a progenerator. Now we can show the

opposite.

Theorem 2.18. Let 4Q be a progenerator for A—Mod. Let B = Enda(4Q)°. Then A is Morita equivalent
to B.

Proof. Let Q* = Homa(4Q, A). Then Q* is a left B—module if we define, for v € Q*, a € Q and b € B,
b-1(q) =1 (gb). We can also make Q* into a right A-module by defining (¢ - a)(q) = ¥(q)a for a € A. Tt is
an exercise to check that this is a well-defined bimodule structure.

We wish to show that the natural maps

QepQ" — A 1Y —Y(q)
Q"®aQ— B v@q— (¢ = ¥(d)q)
are isomorphisms of bimodules. It is again an exercise to check that these are well-defined bimodule maps.

If we can show that they are isomorphisms, it will follow that the functors Q ® 4 (—) and Q* ®p (—) give an
equivalence between A — Mod and B — Mod.



To show that the map Q ®p Q* — A is an isomorphism, we first note that the map is surjective because
Q is a generator. Now suppose z; € Q and (; € Q* and >~ ; z; ® (; — 0. Since @ is a generator, there exist
w;:Q — A, 1<i< N and ¢; € Q, such that Zf\il ©vi(q;) = 14. Then

n n

N
Zzi ®G= ZZ%(%’)%‘ ® G = szj(zz) ® (i
4,7

i=1 i=1 j=1
where we define b;;(z) = ¢;(z)z; for € Q. Regarding b;; as an element of B acting on @ from the right,

we have
Dobi(a) @G =Y a5 b @G =) a; @Y by -G
i i i :

Now, for g € Q, (3;bij - Gi)(a) = 223 Gilabis) = 225 Gilbij(@)) = 22;Gilwi(@)zi) = w;(q) X2 Gilzi) = 0.
Therefore, > ; z; ® ¢; = 0 as required.

The second map is surjective because @ is a f.g. projective module. We need to show that it is injective.
Suppose Y1 A; ® g; — 0 for some \; € Q* and ¢; € Q. Then Y, \i(¢)g; = 0 for all ¢ € Q. Now, since Q is
projective, by the Dual Basis Lemma there exist ¢; : Q@ — A, 1 <i < M, and x; € Q with Zjle wi(@)r; =q
for all ¢ € @. We have

M
DX@a=Y Ny eia)e =Y (O N wila) ®;.
i j=1 i

i J
We show that Y . \; - ¢;(g;) = 0 for all j. Indeed, if z € @ then >, Xi - ¢;(q;) : z — >, Mi(2)pj(@:) =

©; (>, Ai(2)gi) = 0 as required. .

Corollary 2.19 (Morita). Two rings A and B are Morita equivalent if and only if there is a progenerator

AQ for A —Mod such that B = Ends(4Q)°P.

Proof. We have shown one direction. Conversely, if A is Morita equivalent to B, let G : B—Mod — A —Mod
be an equivalence. Then B°? = Endp(pB) = End4s(4G(B)) and we have already explained why 4G(B) is

a progenerator. O

Corollary 2.20. Two rings A and B are Morita equivalent if and only if there existsm > 1 and an idempotent

e € My, (A) with M,(A)eM,(A) = M, (A) such that B = eM,(A)e.

Proof. Let 4Q be a progenerator for A—Mod such that B =2 End 4 (4 Q). Let mg : A — Qandig: Q — A"
be such that mgig = idg. Define e € Enda(A™) by e = igmg. Then @Q is isomorphic to the image e(A™) of
e.

We have B°? = End4(4Q) = Enda(e(A™)) = eEnd4(A™)e (it is straightforward to check the last equal-
ity). But End(A™) can be identified with M,,(A)°P via the action of M, (A) on A™ by multiplication on
the right. So B? = eM,,(A)Pe = (eM,,(A)e)°? whence B = eM,(A)e.

Now we need to show that M, (A)eM,(A) = M, (A), ie. Enda(A™)eEnds(A™) = Ends(A™).
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Let A\ : A — A" and 7, : A® — A be the k*" canonical insertion and projection, respectively. Let
- Q — QN and p; : QN — Q likewise denote the i*" canonical insertion and projection. Since Q is a
generator, there exist ¥1,...,¢%ny : Q@ — A and q1,...,qn € Q with Zivzl ¥i(q;) = 14. Define y: A — QN
by v(a) = (aqi,...,aq,)" and define p: QN — A by p(r1,...,r5) = >.¥:i(r;). Then py =ida.

We then have:

idAn = zn: 7Tz'>\i
i=1
= Z T PY i
=1

n N
= mp(D_ Lpi)v\s
=1 j=1

= mipli(7qiq) pivAi

0,J
= (miptimq)e(iqpv\i)
2]
Which shows that Enda(A™)eEnds(A") = Enda(A™) contains id4». Since it is a two-sided ideal, it is
therefore the whole of End 4(A™) as desired.
Conversely, suppose B & eM,,(A)e. We show that B is Morita equivalent to A by proving the following

two facts for any ring A.

(1) A is Morita equivalent to M, (A).
(2) If e € A is an idempotent and AeA = A then A is Morita equivalent to eAe.

To prove the first statement, we have that A™ is a progenerator in A — Mod, and End4(A™) 2 M,,(A)P, so
A is Morita equivalent to M, (A) by Corollary 2.19.

To prove the second statement, We take @Q = Ae. Then @ is finitely-generated since it is generated
over A by e. It is also projective because A = Ae ® A(1 — e). We must show that @ is a generator. We
have Hom 4 (Ae, A) = eA (isomorphism of abelian groups). This isomorphism can be defined by mapping
f:Ae — A to f(e). So Ae is a generator if and only if the evaluation map Ae x eA — A is surjective.
But this evaluation map is just multiplication, so Ae is a generator if and only if AeA = A. Thus, Ae is a
generator.

Now, End4(Ae) = eA°Pe = (eAe)°P (isomorphism of rings) via f +— f(e). It is an exercise to check that

this really is a ring isomorphism. Thus, we obtain that A is equivalent to eAe as required. a

Corollary 2.20 is a version of Morita’s Theorem which is commonly used in practice to show that some

property is Morita invariant. It is quite hard to find in textbooks; one good reference is [MRO1, 3.5.6].

Remarks 1. Some remarks:



(1)

If A—Mod is equivalent to B—Mod then A—mod is equivalent to B—mod. This is because tensoring
with a progenerator preserves the property of being f.g, because progenerators are by definition f.g.
But A — mod being equivalent to B — mod does not imply that A — Mod is equivalent to B — Mod.
This is because R — mod need not be an abelian category. However, if A and B are Noetherian
algebras, then we do get the second implication. Usually, we deal with Noetherian algebras.

The version of Morita theory presented here is the simplest kind. There are versions for other
mathematical objects, for example derived categories.

A property which is invariant under Morita equivalence is called a Morita invariant. We have seen
that Z(A) is a Morita invariant. Other Morita invariants include Ky(A) and HH,(A) (to be defined
below). In attempts to generalise algebraic geometry to noncommutative rings, it is believed that any
“geometric” property should be Morita invariant (see [Gin05, Section 2.2]). Thus, Morita invariance

is rather important.

Exercises 2.21. Exercises on Morita theory.

(1)
(2)

(3)

Complete the proof of Lemma 2.8.

Let A; and B; be rings. Show that if A; is Morita equivalent to B; and As is Morita equivalent to
B> then A; x As is Morita equivalent to By X Bs.

If R = S then R and S are Morita equivalent. Exhibit a progenerator s@pr which realises an
equivalence R — Mod — S — Mod.

Let S be a simple algebra (that is, S has no nontrivial two-sided ideals). Let G be a finite group
acting linearly on S. Show that the ring of invariants S¢ is Morita equivalent to the group ring S* G
of G with coefficients in S (the multiplication in this ring is defined by s1g1 - s2g2 = s191(82)g192)-
(Hint: S % G is also a simple algebra.)

Let R be an arbitrary algebra. Let F': R — Mod — Vecty denote the forgetful functor. Show that
Nat(F, F') is a ring, isomorphic to R.

3. HOCHSCHILD HOMOLOGY AND COHOMOLOGY

In this section we will study a homology and cohomology theory for algebras. The idea is to associate a

sequence of abelian groups to an algebra A, and hopefully to obtain interesting invariants in this manner.

This section is partly based on notes by Yu. Berest.

Definition 3.1. Given an algebra A, the enveloping algebra is A¢ := A Q) A°P.

Recall that A® — Mod is equivalent to A — Bimod. It is sometimes useful to think of a bimodule as a left
Af—module.

Let A be a k—algebra and M an A-bimodule.
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Definition 3.2. The n'* Hochschild homology of A with coefficients in M is the vector space
H, (A, M) = Tor2~Bimed (1 A).

The nt* Hochschild cohomology of A with coefficients in M is the vector space
H"(A, M) = Exty _pimoa (4, M).

Aim: to calculate these, and see if they give interesting invariants.

Note that it is not immediately clear that the Tor makes sense, since we regard the category A —Bimod as
A¢ —Mod, and the tensor product of two left R—modules doesn’t make sense for a general ring R. However,
in the case R = A°, we have an isomorphism R = R°P given by a ® b — b ® a. In this way, we can regard
an A—bimodule M as a right A°-module, and so we have the tensor product M ® 4 A, and the definition of
H, (A, M) makes sense.

Exercise 3.3. If M and N are A-bimodules, check that M @ ge N and N ® ae M are naturally isomorphic,
and hence conclude for all n that Tor? ~B™ed (N N) = Tor=Bmed( N M) naturally in M and N.

We need a projective resolution of A in the category of A-bimodules. There are many possible choices,
and in fact we will use two different ones.

For an element a; ® - -+ ® a,, € A2 we often write (a1,...,a,) instead. Another traditional way of
writing this is [a1] - - - |a,], but we will not use this notation.

We define C2%"(A) := A®("*+2) and we define b, : C2*"(A) — C2%",(A) by

n

bn(a07 . ,an+1) = Z(—l)i(ao, ey QA4 1y ,an+1).
=0

This is clearly a bimodule map, where we give C2%"(A) the structure of an A-bimodule via left and right

multiplication on the first and last factors of the tensor product respectively. We want to show that
Ch(A) i= o — AB(F2) , p@FD) 4B A 0

is a free resolution of A in the category A — Bimod.
First, it is necessary to check that C%*"(A) is a complex, that is, b,_1b, = 0. This calculation is left as

an exercise. As an example, we show what happens in the lowest degree:
biba(ao, a1, az) = bi((aoar, az) — (ao, araz)) = (agai)az — ap(araz) =0

using associativity of A. In higher degrees, the terms cancel in pairs in a similar way.
Now we prove that C%"(A) is an exact complex in degree > 0. For n > 2, define s : A®" — A®M+1)

by s(ai,...,a,) = (1,a1,...,a,). We check that this is a homotopy between the identity map C?*"(A) —
11



C?a7(A) and zero. We have

n—1
(bs + sb)(ag, .- .,an) =b(1,a9,...,a,) + s Z(—l)i(ao, ey Qi1 Gp)
i=0

n—1 n—1
= (ao7 ceey an) + Z(—l)i+1(1, Ag, - ooy QjQ5471, - - - CL.,L) + Z(—l)i(l,ao, ey QA4 1y .. an)
=0 =0

= (ag,...,an)

= (id — 0)(ao, - - ., an)

as required.

Therefore, the complex
co AB(2) L A®(nt) L, A®3 L, 482

with differential b, is exact.

Finally, we check that each term is a projective A°~module. Indeed, A®("+2) = AR, A®"@,A = A°®, A®"
as left A°~modules. This is just a direct sum of (possibly infinitely many) copies of A¢, so it is a free A~
module.

We conclude that C%7(A) is a projective (and in fact free) resolution of A in the category A — Bimod.

Thus, Hochschild homology and cohomology can be computed using the following formulas.

Hn(Aa M) = Hn(M & Ae CSGT(A))
H"(A, M) = H"(Hom 4. (C%"(A), M))
Example 3.4. Take A = k. Then for all n, A2("+2) is isomorphic to A via (agy .-y Ant1) — ApaA7 * - Gy

The differential b becomes the identity map A®"+2) — A®(+1) if n is even, and the zero map if n is odd.

Therefore, the bar resolution becomes:

Tensoring with M gives

M M M M M 0

From this we conclude that Ho(A, M) = M and H;(A, M) =0 if i > 0. Note that we can check that this is
correct because k — Bimod is the same as k — Mod as everything is k—linear, and so all higher Tors vanish.

Similarly, we calculate H°(A, M) = M and H* (A, M) = 0 if i > 0.

3.1. Hochschild cochain complex. Hochschild cohomology of a bimodule M is calculated from the com-
plex Hom 4¢ (C%7(A), M). A better way of writing the space Hom 4 (C%%"(A), M) is Hom a¢ (A°®;, A®™, M) =

Homy, (A®™ M).
12



Definition 3.5. C"(A, M) = Homy(A®", M) is called the space of Hochschild n—cochains with values in
M.

The differential d : C"(A, M) — C"T1(A, M) induced from b may be computed. It is left as an exercise
to verify that for f € C™(A, M),

n

df(a1,...,an41) = a1 f(az,...,an) + Z(_l)if(alv e @iig 1, s Ang1) F (—1)n+1f(a17 ey n ).
i=1

The complex (C*(A, M), d) computes Hochschild cohomology of A with coefficients in M, and is referred to

as the Hochschild cochain complexz.

3.2. Reduced bar complex. Before computing some more examples, we mention another projective res-
olution of A in A — Bimod. It is a quotient of the bar complex. We define it here because it is used in the

paper [CQ95a]. Tt also illustrates that there are many different ways of calculating Hochschild (co)homology.

Definition 3.6. Define

Cr(A) =A@y A" @p A= A° @, A"

n

where A is the vector space A/k.14.

Checking the following facts is left as an exercise: b descends to a well-defined bimodule map 65:"(14) —

éfjﬁ"l(A). Furthermore, the complex (éiw(A),b) is contractible, using the same s as before. Therefore,

—bar

C, (A) is a projective resolution of A in the category A — Bimod.

*

Definition 3.7. 62(”(14) is called the reduced bar complex of A.

Similarly, we have the reduced Hochschild cochain complex of a module M, whose nt" term is Homy, (Z@m, M).
Later, we will interpret A®y, A®" as the space of noncommutative n—forms on A, so the reduced bar complex

will give a relationship between noncommutative forms and Hochschild theory.

Example 3.8. For A = k, we have A = 0. So the reduced bar complex of A has just one term, in degree 0,
and we therefore obtain H;(A, M) = M if i =0 and H;(A, M) =0if i > 0, as before.

3.3. Morita invariance. Now we prove Morita invariance, which is very useful for calculating Hochschild

homology and cohomology.

Theorem 3.9. If A and B are algebras and M is an A-bimodule, and gPs and 4Qp are bimodules such

that P ® 4 Q = B as B-bimodules, and Q ®p P = A as A-bimodules, then
H"(A, M)~ H"(B,P® M ® Q)
H, (A M)~ H,(B,P®M®R®Q)

for all n.
13



Proof. We define a functor A — Bimod — B — Bimod by M — P ® M ® . This is an equivalence because
we can define an inverse by N — @ ® N ® P. Since it is an equivalence of module categories, it preserves

Ext and Tor. Furthermore, we have PR A® Q = A and Q ® B ® P = B by the hypothesis. a
Corollary 3.10. If A is Morita equivalent to B then for all n,

H"(A, A) = H'(B, B)

H,(AA) > H,(B,B)

Example 3.11. Regarding k" as a space of row vectors, we have kk&n k) Clearly, k™ is a progenerator in
k — Mod, so this k™ realises a Morita equivalence. The inverse equivalence is realised by tensoring with the
module Homyg (k™, k) of column vectors. The equivalence of bimodules k& — Bimod — M,, (k) — Bimod which
we obtain from Theorem 3.9 sends kP to M, (k)P. Thus, every f.g. M, (k)-bimodule is isomorphic to M, (k)P

for some p, and from Theorem 3.9 we obtain

1%

Hi(Mn(k)a Mn(k)p)

3.4. Low-dimensional calculations. In this section, we calculate H;(A, M) and H*(A, M) for i = 0,1,2
and certain choices of A and M, in order to get a flavour of what Hochschild homology and cohomology are
like.

First, we look at Ho(A, M). By definition, this is M ® 4 A. It is not immediately clear what this is. It

can be computed using the bar resolution. The relevant part of the bar resolution is
A®3 A% 0

which we regard as

A°®r A — A° — 0.

Then M ® ge A is M/imb where b : M ®; A — M is the map induced from the Hochschild differential. We
can calculate explicitly what this is. If m®a € M ®j, A, then m®a corresponds to m® (1,a,1) € M @ A®3.
This is taken by b to m ® ((a,1) — (1,a)) € M ® e A°. According to the definition of the right A°-action
on M, this corresponds to ma —am € M. Thus, M ® 4. A is M/[A, M] where [A, M] is the subspace of M
consisting of {ma —am :m € M,a € A}.

Now we calculate H°(A, M). This is the kernel of d : C°(A4, M) — C'(A, M) given by d(m) = am — ma.
Therefore

HY(A,M)={m € M :am=ma VYac A}.

In particular, H°(A, A) = Z(A).
14



Next, the map d : C*(A, M) — C?(A, M) is given by df (a,b) = af(b) — f(ab) — f(a)b. The kernel of this
map is
{f:A— M: f(ab) =af(d)+ f(a)b Va,be A}
which is also known as Der 4 (A, M). As computed above, the image of d : C°(A, M) — C'(A, M) consists of

those f: A — M of the form f(m) = am — ma for some fixed m € M. This is the space of inner derivations

of M, denoted Inn4(M). Thus,
H'(A, M) = Dera(A, M)/Inn4(M).

If A is an algebra, the space H?(A, A) is related to infinitesimal deformations of A. This section is taken
from notes from a lecture by Stroppel.

Let k[e] denote the algebra k[z]/(z?).

Definition 3.12. If A is an algebra, an infinitesimal deformation of A is an associative k[e|-bilinear product

* on the vector space A ®y, kle] such that there is a bilinear f : A x A — A with
a*xb=ab+ f(a,b)e

for all a,b € A.

The fact that  is associative gives a condition on f. For a,b,c € A, we have
(axb)xc=(ab+ f(a,b)e) *x c = abc+ f(ab,c)e + f(a,b)ce

and
ax*(bxc)=ax(bc+ f(b,c)e) = abc+ f(a,bc)e + af(b,c)e.
From this, we get
f(ab,c) + f(a,b)e = f(a,bc) + af(b,c)

for all a,b,c € A. By the k[e|-bilinearity, we see that  is associative if and only if f € ker(d : C?*(A, A) —
C3(A, A)).

Now suppose we have two infinitesimal deformations * and *" with a *b = ab + f(a,b)e and a +' b =
ab + g(a,b)e for a,b € A. Then * and " are equivalent if there exists a k[e]-bilinear isomorphism ) :
(A ® Kkle],*) — (AR k[e],+") with ¥(a) = a + y(a)e for all a € A, for some v : A — A. If x and « are

equivalent, we obtain
P(a*b) =(ab+ f(a,b)e) = ab+ y(ab)e + f(a,b)e
P(a) ¥ P(b) = (a+v(a)e) ¥ (b+ v(b)e) = ab+ g(a,b)e + v(a)be + avy(b)e.

Thus, * and *' are equivalent if and only if f — g = dy for some v € C*(4, A). We conclude that H?(A, A)

is in bijection with equivalence classes of infinitesimal deformations of A.
15



In general, H?(A, M) may be identified in a similar way with the vector space of k—algebra extensions of

the form

0—-M-—-FE—A—Q0,

where M is an ideal in the algebra E with M? = 0, modulo the equivalence relation that two such extensions

are equivalent if there is a commutative diagram of the form

with A an algebra isomorphism. The isomorphism of H?(A, M) with this space may be realised by sending
a cochain f : A®2 — M to the vector space M @ A with the product (my,a1)(msz,az) = (mias + aymso +
f(a1,a2),a1az2). The details will be given in Section 7 below.

Now let us consider H;(A, A). We calculate A ® 4. Ct9"(A). It is an exercise to check that this comes out

to be the following complex

AP A% A0

with differential
n—1

dH(ao, RN an) = Z(—l)i(ao, RN F 10 S PR an) + (—1)"(ana0, Aty..., an,l).
1=0

The space H;(A, A) is the first homology group of this complex, ie. ker(dg : A®? — A)/Im(dy : A®® —
A®2) If A happens to be commutative, this has a particularly nice description. In this case, dg(ag,a1) =
agay — arag = 0 and dg(ag, a1, a2) = (apa1,az) — (ag,araz) + (agag,ar). So

A@kA
(ab®@c—a®bc+ca®b:abceA)

Hy(AA) =
If we write adb for a @ b € A ®; A, then we get
Hy(A, A) = span,{adb: a,b € A}/{ad(bc) = abdc + acdb : a,b,c € A),

which may also be described as the free A-module generated by the symbols db, b € A, factored by the

submodule generated by the following relations for a,b € A, « € k:
d(a) =0, d(a+0b)=da+db, d(ab)= adb+ bda. (1)

It may seem wrong that we are suddenly thinking of H;(A, A) as an A—module. However, it is easy to check
from the definition that, for any algebra A, H;(A, A) always has a natural Z(A)-module structure. Hence if

A is commutative, H1(A, A) is an A—module.
16



Definition 3.13. Let A be a commutative k—algebra. The A-module ., (A) freely generated by {db: b €
A} with the relations (1) is called the module of Kahler differentials of A.

Now we wish to compare Kéahler differentials and global differential forms.

3.5. Differential forms. Let A = k[X1,Xs,...,X,]/] where I is a radical ideal. Then A = Ek[X], the
coordinate ring of the affine algebraic set in k™ given by the vanishing of the polynomials in I. For each
p € X, we have the maximal ideal m,, C k[X] and the cotangent space T, X = m,/ mg at p. By definition,
the tangent space to X at p is the dual T, X := (m,/m2)*. We assume that X is irreducible.

Given f € k[X] and z € X, we define d, f € my/m2 by d..f := (f — f(z)) mod m?2. The differential of
[ is then defined to be the function df : X — | | .y

[Sha94, 111, 5.1], we define ®[X] to be the space of all functions ¢ : X — [ |, x Ty X such that ¢(p) € T, X

Ty X which sends z to d, f. Following the exposition in

for all p € X. These definitions also make sense for any open subset U of X.

We then make the following definition.

Definition 3.14. A function ¢ € ®[X] is called a global differential form on X if for every p € X there exists
an open U containing p such that ¢|y belongs to the k[U]-submodule of ®[U] generated by {df : f € k[U]}.

Differential forms are defined in the same way for every open subset of X, and it is clear from the nature
of the definition that they form a sheaf Q% of Ox-modules.

There is a natural map of k[X]-modules
Qcan(4) = Qx (X) = T(X, Q)

defined by adf — (x — a(x)d,f) for all a, f € A and all z € X. This is a map of A-modules, and we now
show that it is always surjective when X is irreducible.

Let ¢ € Q% (X). Then there exists an open cover {U, } of X and aq i, fu,i € k[Ua] With ¢|u, = >, @a,idfai
for all @. By shrinking U, if necessary, we may replace U, by U, = {r, # 0} for some r, € A. By
compactness of the Zariski topology, we may assume that the cover is finite. We have a,; = a’a’i /rk for
some k € Nand al,; € A, and fo; = f/, ;/rh for some £ € N and some f/,; € A. By the usual quotient rule
for differentiation, which is easy to check from the definition of d, f, we have d,(f/r) = r=2(rd,f — fd,r).
Using this, we see that there is some power g, of 7, such that go,¢ = >, a, ;dfl ; on U,, with a, ;, fi ; € A.
Since the U, were chosen to be a cover, the ideal (g, ) generated by the g, must be the whole of A. Therefore,
there exist ho € A with >~ haga = 1. We then have

= Z hagad = Z Z haa/ci,idf(lx/,i

on (), Us. This is a nonempty dense open set because X is assumed to be irreducible. We will therefore be
done, provided we can show that if Y~ v;(x)d,w; = 0 for all z in some dense open set, then > v;(z)d,w; =0

for all 2. To see this, we note that for w € A and = € X, d,w = 0 if and only if Zivzl %(J})(Xz —z;)=0
17



where @ is an element of k[X1,..., X,] such that @ 4+ I = w. Therefore, the condition Y v;(z)d,w; = 0 is
equivalent to the vanishing of a certain continuous function at x, and if this function vanishes on a dense U,
then it vanishes on the whole of X.

We now wish to show that the natural map Q). (4) — Qx(X) need not be injective. We will use the

following universal property of Qk., (A4).

Proposition 3.15. If M is an A-module and § : A — M is a derivation then there exists a unique module

map ¢ : Q.. (A) — M such that g(df) =0(f) for all f € A.

The proof of the proposition is an exercise. We say that d : A — Ql,, (A) is the universal derivation

from A to an A-module.

Corollary 3.16. If A =k[X1,...,X,]/(f1,..., [r) then Q. (A) may be expressed as the following quotient

of a free module:

LAdX @A dXy D ®A-dX,

QL. (A) =
Kah( ) A.df1+...A.dfr
where df; = Zj\le aa)éj dX;.
Proof. Show that the given module satisfies the universal property. O

Example 3.17. Let A = k[z,y]/(y* — 23) = k[C] where C = V (y*> — 23) C C2. Then QL., (A) is the free
module on dx and dy, subject to the single relation 2ydy — 32%2dx = 0. Let w = 2xdy — 3ydz. We will
show that w # 0. Indeed, if w = 0 then we get an equality 2xdy — 3ydx = a(z,y)(2ydy — 3x%dz) in the free
module on dx and dy, and this leads to a contradiction. Therefore, w # 0. However, yw = 2zydy — 3y?*dx =
3z3dxr — 3x3dx = 0. Therefore, w(x,y) = 0 for all (x,y) € C with y # 0. Also, if y = 0 then = 0
and so w(0,0) = 0. Therefore, w(x,y) = 0 for all points (z,y) of C, and so w is in the kernel of the map
Q.. (A) — Q&(C). Thus, this map need not be injective.

However, if X is a smooth variety then the map QL., (A) — Q4 (X) is always injective. This is similar to
the proof of surjectivity, using the fact that a system of local parameters may be found in a neighbourhood

of each point. See [Sha94, Proposition 2, ITI 5.2] for a proof. Therefore,
Proposition 3.18. If A = k[X] is the coordinate ring of a smooth affine variety then Q. (A) = QL (X).

For such A, we have shown that Hj(A4,A) = Qk., (A). Also, H'(A, A) = Der(A)/Inn(A) = Der(A4),
which may be viewed as the global sections of the tangent sheaf T'X. These facts generalise to the following

important theorem.
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Theorem 3.19 (Hochschild-Kostant-Rosenberg). If A = k[X] is the coordinate ring of a smooth affine

variety then
HH;(A) = /;\Q}aih(A) = 0% (X)
HY(A,A) = /i\Der(A) ~I'(X, /\ TX)
A
for all i > 0.

We won’t prove the Hochschild-Kostant-Rosenberg Theorem. A proof may be found in [Gin05, Section
9.2] or [Lod92, Theorem 3.4.4].

Thus, Hochschild homology may be viewed as a generalisation of differential forms to noncommutative
algebras. However, there is no obvious way to define “d” on Hochschild homology. Therefore, if we wish to
define a calculus of differential forms on noncommutative algebras, we need to find another approach. This

is the goal of the first part of [CQ95a], which we explain in the next section.

Exercises 3.20. Exercises on Hochschild (co)homology and differential forms.

(1) For any A, show that HH;(A) is naturally a Z(A)—-module.

(2) Show that A — HH;(A) is a functor from the category of algebras to the category of vector spaces,
but A — H'(A, A) is not.

(3) Use Morita invariance of H Hy to show that [gl,, gl,] = sl,,.

(4) Show that if HHy(A) = 0 then A has no nonzero finite-dimensional representations.

(5) Show that the complex A ® 4. C%"(A) is isomorphic to the complex whose n'" term is A®(+1) and

whose differential is given by the formula

n—1

dH((LQ7 ce 7a/n) = Z(—l)i(ao, ey QA4 1y . an) + (—1)"(ana0, A,y ... ,an_l).
=0

(6) Compute Q% (X) where X = P*.
(7) Prove Proposition 3.15.
(8) Prove Proposition 3.16.

4. NONCOMMUTATIVE FORMS

Let A be a commutative k-algebra. Recall from Proposition 3.15 that QL,, (A) may be characterised
by the property that d : A — Q}..., (A) is a derivation, and for every derivation § : A — M, there exists a
unique 5 QL. (A) — M with 5d = &. This can be expressed in the following way

Der (M) = Homa_nod (Qcan (A), M)
19



for every A—module M. This isomorphism is natural in M, so can be viewed as an isomorphism of functors

A — Mod — Vecty,
Der 4 (—) 2 Hom a_wiod (Qcan (4), —)-
In the language of category theory, the object Q. (A4) is said to represent the functor M — Der 4 (M).

For a noncommutative algebra A and a left A—module M, Der 4(M) doesn’t make sense. However, if M

is a bimodule, we may define
Derg(M):={d: A— M :d(ab) = adb + (da)b Va,be€ A}.

We may then ask the following question:

Does there exist an A-bimodule QY which represents the functor M — Dery (M) form A — Bimod to
Vect?

(Notice that we don’t yet know the answer to this, even if A is commutative, because even for a commu-
tative ring, bimodules and modules are quite different notions. For example, if A = k[X], an A-bimodule is
a A® A = k[X,Y]-module.)

The answer to the question is yes. We may define the bimodule Q) as follows. Let A be an algebra and
A= A/k- 14, a vector space. Define

QL = Ax, A

Equip this with the natural left A-module structure, and define the right A-module structure by

(a®b)c=a®bc—ab®¢

for all a,b,c € A, where (—) denotes the quotient map. It can be quickly checked that this right action is

well-defined, and that it really makes QY into a right A-module and a bimodule.

Proposition 4.1. There is an isomorphism of functors
Der4(—) = Homa_Bimoa (24, —).-

Proof. Given a bimodule M, the map Der 4(M) = Hom 4 _pimoa (Y, M) is defined by § — (a ® b — ad(b)),
while the map Homa_Bimoa(QY, M) — Dera (M) is defined by ¥ — (a — (1 ® a)). Everything has been

set up so that these maps are well-defined and provide a natural isomorphism. O
To define forms of higher degree, we need the notion of a differential graded algebra.

4.1. Differential graded algebras.

Definition 4.2. A differential graded algebra, or dga for short, is a graded k—algebra

A=Pa

€L
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together with a linear map d : A — A such that d(A;) C A;y1 for all i, and d*> = 0, satisfying the Leibniz
rule:
d(ab) = da - b+ (—1)'adb

forallaec A;, be A;, i,j € Z.
For a homogeneous element a € A;, we often write ¢ = |a| as shorthand for the degree of a.

Examples 4.3. Here are some examples of dgas.

(1) Any algebra A is a dga if we take Ag = A and A; = 0 for i # 0.

(2) A more interesting example: if X is an affine variety then @3-, Q% (X) is a dga with product given
by the wedge product of forms, and the usual de Rham differential d.

(3) If Ais an algebra and [ is a 2—sided ideal of A, we can define a dga A_1 ® Ag with A_; =1, Ag = A,
and the differential given by the inclusion map I < A. The Leibniz rule has to be checked.

(4) If A is an algebra and ¢ : A — M is a derivation, with M a bimodule over A, then there is a dga
Ay ® Ay with Ag = A, A1 = M and the differential given by § : A — M.

(5) If (Vs,d) is any complex of vector spaces, a linear map f : V' — V is said to have degree n, n € Z, if

f(Vi) C Vi, for all i. We can construct a dga of linear maps Vo — V, via the following lemma.

Lemma 4.4. Let (V,,d) be a complex of vector spaces, where d has degree +1. For each n € Z, let E,, be

the space of all linear maps f : V. — V of degree n. Then €P E,, is a dga with multiplication given by

ne”Z

composition of functions and the differential defined by

(0Y)(w) = d(P(w)) — (=1)"¢(dw)

forv e E, andw e V;, i € Z.
Proof. To show that 9% = 0, for v € E,, we have

9% = () = o(d — (~1)"¢d) = d(dyp — (=1)"d) — (=1)" "} (dy) — (=1)"vbd)d = 0,

where we used the fact that 9v has degree n + 1.
To show that the Leibniz rule holds, we calculate for any ¢ € E|4 and ¢ € Ey,

8¢ - b + (1)1l = (dp — (—-1)I*lpd)y + (—1)?Ig(dy — (—1)Iyd) = dpy — (—1)IIF ¥l gyd = O(p)
because |¢| = |¢] + [¢]. O

4.2. The dg algebra of noncommutative forms. Let A be a k-algebra. In [CQ95a, Section 1], it is
shown that there is a universal dga QA with (QA)y = A. We can think of QA as a kind of dg-enveloping
algebra of A, or the dg-algebra freely generated by A. This dg-algebra will be constructed as the dg-algebra
of noncommutative forms on A. The notion of noncommutative forms is originally due to Connes. They are

defined as follows.
21



Definition 4.5. Given an algebra A, let A= A/k1a as before. Define
QM(A) =A@ A"
formn >0, and set Q"(A) =0 forn < 0. Call Q"(A) the space of differential n—forms on A. Define

A =Pa(4)

nez
and define d : Q"(A) — Q"FL(A) by
d(ag,a1,...,an) = (1,a0,a1,...,a0y)
for a; € A.
Note that in the definition of d, we write (ag, a1, ...,a,) for ag®@ a1 ® - - ® a,,. Also, ay,...,a, are really

elements of A, but it is easy to check that d given by the above formula is well-defined.

To give QA the structure of a dg-algebra, we will use the following lemma.

Lemma 4.6. In any dg algebra B, the following identities hold:

d(apday - - - day,) = dagday - - - da, (2)

n—1
(apday « - - day)(ap+1danis - - - dag) = (—1)"apardas - - - day, + Z(—l)”ﬂ-aodal ced(ajaiyr) - -day,  (3)
i=0
where ag, . ..,a € B.

Proof. Statement (2) is immediate from the Leibniz rule. Statement (3) follows from expanding d(a;a;+1)

via the Leibniz rule and cancelling terms pairwise. O

Proposition 4.7. [CQ95a, Proposition 1.1] The complex (QA,d) is a dg algebra under the product

n

(g, .-y an)(Ant1y-. . a5) = Z(—l)"‘i(ao, RN T T P A (4)
i=0

There is a natural map of algebrasi: A — Q°(A). Furthermore, if T = D, i is a dg algebra, andp : A — Ty

18 an algebra map, then there exists a unique morphism ' : QA — T of dga’s such that ¢’ oi = ).

Proof. The following argument is due to Cuntz and Quillen. The idea is to construct the multiplication on
QA by realising QA as a subalgebra of a dg algebra.

Let E be the dga of linear maps from the complex QA to itself. For a € A, define ¢, € E by {,(aq,...,a,) =
(aag,ai,...,a,). Then define a graded linear map A : QA — E by

)\((107 cee aan) = faoa(&h) t a(élln)'

To check that X is well-defined, we need to check that 9(¢,) depends only on the class of a € A. This

essentially reduces to checking that 9(14)(ag,...,a,) =0 for all (ag,...,ay), which is straightforward.
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Now we show that Im()\) is a dg-subalgebra of E. From (2), we see that Im()) is closed under d. From
(3), we see that Im()) is closed under multiplication. It follows that Im(\) is a dg-subalgebra of E.

Now define a linear map pu: E — QA by p(p) = ¥(14) for v € E. We verify that pA is the identity on
QA. For this, we need to show that £, 0(ls,) - -0y, )(1a) = (ag, a1, ...,ay) for all ag,...,a, € A. Now,

00y )(1a) = dl,, (14) — (—)fanle, d(14) = (1,an)
and
8(&1"71)(17‘%) = (Lan-1,an) — La,_,d(da,) = (1,an_1,an),

and continuing inductively, we obtain

LagOWlay) -+ 0Ly, )(14) = (ag,a1,...,an)

as desired. This shows that uA = idg4. Therefore, A : QA4 — Im(\) is injective, hence it is an isomorphism of
graded vector spaces. Therefore, we may use the product on Im(\) to make QA into a dg-algebra. Formula
(3) applied in the dg-algebra Im(A) then immediately implies that we get the product (4). We also need to
check that the differential induced on QA via the isomorphism A coincides with the original differential d.
To see this, we should check that
uOA(ag, ... an) =d(ag,...,an)

for all ag,...,a, € A. This is simple to check using the definitions of p and .

We have shown that (A, d) becomes a dg-algebra under the product (4). It remains to check the universal
property. For this, suppose I' is a dg-algebra and v : A — T'g is a map of algebras. Define ¢’ : QA — T" by

V' (ao, a1, .- -, an) = Y(ao)di(ar) - - dyp(an). (5)
To see that 9’ is the unique dg-algebra homomorphism which extends v, we note that
(ag,...,an) = apdardas - - - day,

for all ag,...,a, € A. This follows from the definition of the product on QA. Therefore, if 1)’ is a dg-algebra
map which agrees with 1 in degree 0, it must be given by (5). It remains to check that ¢’ preserves d and
multiplication. This can be checked using identities (2) and (3) in the dg-algebra I O

4.3. Relative forms. Now we study the relative version of differential forms, following [CQ95a, Section 3].
Let S and A be k-algebras. We say that A is an S-algebra if there exists an algebra morphism S — A.
If Ais an S—algebra, we will identify S with its image in A, and we write A/S for the quotient vector space,

which is also an S—bimodule.
Definition 4.8. Let A be an S—algebra. The space of differential n—forms on A relative to S is
Q5(A) = A®s (A/S5) @5 -+ @5 (A/S)

where there are n copies of A/S in the tensor product.
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Define a graded vector space 2sA by
OsA = P Q5(A).
i=0

In order to make Qg A into a dga, we realize it as a quotient of Q2A. This requires the notions of dg ideal

and quotient dg-algebra, which generalize the notions of ideal and quotient for ordinary algebras.

is called o dg ideal if it is an ideal, and d(I) C I. If I C E is a dg-ideal, the quotient dg-algebra is

Definition 4.9. Let E = @,_, E; be a dg-algebra with differential d. A graded subspace I = P

1€Z 1€EZL

the vector space @, (Fi/1;) equipped with the differential induced from d and the multiplication being the
multiplication on E/I.

Proposition 4.10. For each n > 0, Q%(A) is the quotient space of Q" (A) by the subspace spanned by the

elements
(@0y -y @i—18, A4y @) — (@0, -+ vy Qi—1, SAiy .« Ap )y
and
(0,0, ey Qi—1, 8, Q41,0 - - ,an)

forape A, a; e A(1<i<n),seS.

Proof. Define a linear map Q"(A) — Q%(A) via (ag,a1,...,a,) — (ag,a1 + S5, ...,a, +5). The definition

of tensor product shows that the kernel is spanned by the given relations. O

We see from the definition of d that QgA is a quotient of QA by a dg ideal, and hence it becomes a
dg-algebra. In fact, it is a dg S—algebra, that is, there is a natural map S — Qg(A) which is a map of

dg-algebras, which amounts to saying that the image of S is contained in the kernel of d.

Proposition 4.11. [CQ95a, Proposition 2.1] The dg-algebra Qs A is the universal dg S—algebra generated
by A, in the sense that if T' is a dg S—algebra and b : A — T is a map of S—algebras, then there exists a
unique map of dg S—algebras v’ : Qs A — T satisfying w’|Qg(A) = ).

Proof. An exercise, using Proposition 4.7. O

4.4. Other descriptions of Q2gA. Now we give some other descriptions of Qg A, which can be very useful

in calculations. Everything we say for 2gA also holds for 2A, since QA = Qg A with S = k.

Definition 4.12. Let A be an algebra and M an A-bimodule. The tensor algebra Tx(M) of M over A is
the graded algebra

Ta(M) =P Ta(M)i =P Moa M@, @4 M
i=0 i=0

i copies
where Ta(M)o := A, with multiplication given by concatenation.
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This algebra has the following universal property. If A is an algebra and R is an A—algebra and ¢ : M — R
is a map of A-bimodules, then there exists a unique A—algebra map ' : To(M) — R such that the restriction

of V' to M =Ta(M); is 1.
The map ¢’ in the universal property is given explicitly by ¥'(ap ® a1 -+ ® ap) = ¥(ag)¥(a1) - - P (an).
Proposition 4.13. [CQ95a, Proposition 2.3] Let A be an S—algebra. Then
Qs A = Ta(Q%(A))
as graded S—algebras.

Proof. The universal property of the tensor algebra given a linear map
Ao Ta(Q4(A)), — Q5(A)

for every n, defined by w1 ® -+ ® wy, — wiws - - - wy,. It suffices to show that A, is an isomorphism for every
n. In degrees n = 0,1, it is the identity. We show by induction that it is an isomorphism in all degrees.

Suppose A, is an isomorphism. Then
Ta(Q5(A))nt1 = Ta(Q5(A))n ®4 Qg(A) = QE(A) @4 Qg(A)
where the last isomorphism is via A, ® id. But
Q% (A) ®4 Q5(A) = A®s (A/5) @5 -+~ ®s (A/S) ®a (A®s (A/S))
which is isomorphic to
A®s (A/8) ®s - @5 (A/S) ®s (A/S) = Q5T (A)
via w ® bodby +— wbodby. Therefore, A, 41 is also an isomorphism, as required. O

Another way to describe the differential 1-forms is as the kernel of the multiplication map.

Proposition 4.14. [CQ95a, Proposition 2.5] Let A be an S—algebra. There exists a short exact sequence of
A-bimodules

0 —= QL(A) — > A@sA = A —>0
where j(a,b) =a®b—ab® 1 and m(x @ y) = 2y for all a,x,y € A and all b € A. (In the definition of j,
we use the notation (a,b) fora®b € A®; A as before.)

Proof. By definition, m is a bimodule map. It is an exercise to check that j is a well-defined bimodule map.
To see that j is injective, define k : A®sA — A®g(A/S) to be the projection. Note that k is a linear map with
no extra structure. We have kj = id on Q%(4), and so j is injective. Clearly, im(j) C ker(m). Now suppose
> a;®b; € ker(m). Then Y . a;b; =0s0>,a,®b; =) ,a;®0b;—) . a;b;®1 =3 (a; ®b; —a;b; ®1) € im(j),

and we are done. 0
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As a special case of Proposition 4.14, we obtain
Q'(A) = ker(A®p A — A),
which is often used as the definition of Q!(A) in the literature.

5. APPLICATIONS OF NONCOMMUTATIVE FORMS

In [CQ95a], Cuntz and Quillen go on to use noncommutative forms to construct solutions to a variety of

universal problems. Inspired by this, we can define generalized (or “curved”) representations of algebras.

5.1. Generalized representations. The notion of an algebra homomorphism can be weakened to that of

based linear map.

Definition 5.1. If A and B are algebras, a based linear map ¢ : A — B is a linear map o : A — B such
that o(14) = 15.
If A and B are S—algebras, a based linear S—map o : A — B is an S—bimodule map o0 : A — B such that

the diagram
)

NS

S

A

B

commutes.

The curvature of a based linear map 0 : A — B is the linear map w : A® A — B defined by
w(a®b) = o(ab) — o(a)o(b).

A generalized representation of a k—algebra A is a based linear map o : A — Endg(V) where V is a

k—vector space.

Based linear S maps correspond to representations of a certain algebra constructed from A. If A is an
S-algebra, then A is an S-bimodule. Therefore, we may form the tensor algebra Ts(A) = ;- T's(A);. For
s € S, we write sg for the copy of s in Ts(A)o = S and s; for the copy of s in Tg(A4); = A.

Definition 5.2. Let A be an S—algebra. Define
RsA=Ts(A)/I
where I is the two-sided ideal generated by the elements sg — sy for s € S.

Proposition 5.3. Let A and R be S—algebras. Then based linear maps A — R correspond to S—algebra
maps RgA — R.

Proof. Given a based linear map ¢ : A — R, we define an S—algebra map p via 0(a1®- - -®a,) = o(a1) - - - o(an)

in degree n. It is easy to see that this gives a bijective correspondence, as required. |
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An important special case of Proposition 5.3 is when we take o : A — A to be the identity. In this case,
there is an induced S—algebra map RsA — A and we define IA to be the kernel of this map, a two-sided
ideal in RgA. Note that RsA/IA = A.

Here is another description of RgA.
Lemma 5.4. If S is a semisimple algebra then RsA = Ts(A/S). In particular, if S =k then RiA is free.

Proof. A based linear S—map A — R is the same thing as as S—algebra map S — R together with a map of
A-bimodules A/S — R. But, by the universal property of T's(A/S), this is the same as an S—algebra map
Ts(A/S) — R. O

Example 5.5. Recall that a quiver is a finite directed graph. This can be viewed as a 4-tuple (Qo, @1, h, )
where Qg is a finite set called the set of vertices of ), Q1 is a finite set called the set of arrows of (), and
h,t: Q1 — Qg are functions assigning to an arrow its head and tail respectively. Note that loops and parallel
edges are allowed. Let n = |Qq| be the number of vertices.

Let S be the semisimple commutative algebra k x k--- X k where there are n copies of k. Write e; for
the element (0,...,0,1,0,...,0) with the 1 in the i*" position. Then we may write S = @, ke;. Any
bimodule M over S satisfies M = @l jeiMey, and so is just given by a collection of vector spaces indexed
by {1,2,...,n} x {1,2,...,n}.

We associate such a bimodule Mg to @ by setting e;Mge; to be a vector space with a basis given by
the arrows a with h(a) = j and t(a) = i. We may then define the path algebra of @ to be the algebra
kQ := Ts(Mg). This is a k-algebra with a basis given by the paths in @), that is, sequences aias - - - a,, of
edges such that h(a;) = t(a;—1) for all i. The trivial paths e; also count as paths in @ (they span the degree
0 component of kQ).

We may now ask what a generalized representation of k@ is, relative to S. If we let A = k@, then A/S
is a vector space spanned by all nontrivial paths in Q. Thus, for each 4, j, e;(A/S)e; is the number of paths
from i to j in Q. Therefore, T5(A/S) is the path algebra of the quiver @, where @ has an arrow i — j for
each nontrivial path ¢ — j in Q.

For example, if @) is the quiver

e —— 0 —— o
then Q@ is the following quiver.
° /m > @ [

Now we explain the connection between generalized representations and noncommutative forms.

Definition 5.6. Let A=, ., A, be a dga. The Fedosov product on A is defined by

nezZ
roy=axy— (—1)|”|da:dy

for homogeneous elements x,y € A.
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It is an exercise, directly applying the Leibniz rule, to show that the Fedosov product is associative. Under

the Fedosov product, (A, o) is an algebra, but it is no longer a graded algebra.

Proposition 5.7. [CQ95a, Proposition 1.2] If A is an A—algebra then RgA is isomorphic to the S—algebra
O (A) of even-dimensional forms under the Fedosov product. Furthermore, under this isomorphism, the

ideal IA™ corresponds to @, NV (A).

Proof. The following argument is given by Cuntz and Quillen in the case S = k; it goes through without
change in the case of a general S.

Define a based linear S-map p : A — Q¥ (A) by p(a) = a € Q%(A). The curvature of p is w,(a,b) =
ab—aob=ab— (ab— (—=1)°daab) = dadb.

Corresponding to p, we have a morphism of S—algebras ¥ : RgA — Q%' (A). By definition, this ¥ satisfies

VU(ap @ (a1az —a; ® as) @ (asay — a3 @ aq) -+ ) = agdardas - - -

for all ag,ay,... € A, and so V¥ is a surjective map of S—algebras. We now show that ¥ is an isomorphism.

Define a linear map ®o1 : Q2%(A) — (Ts(A/S))2r by

Dor(ag,ar,...,az) = ap ® (a1a2 — a1 @ az) @ -+ ® (agk—102k — A2—1  G2k).

Then ®o; is well-defined as a map from A ®y Z®(2k)

, and it respects the defining relations of Q% (A).
Therefore, it gives a well-defined linear map ®oy, : Q%’“ (A) — RgA. We can put all the ®o;, together to give
a linear map ® : Q¢’'(A) — RgA. We show that ® is surjective. Indeed, the image of ® is a left ideal in RgA
and contains 1r, 4, which is enough to show that ® is surjective. Furthermore, ¥® is the identity, because
(ag,a1,...,a,) = apday - - - da,, in QA. Therefore, ® is also injective, so it is a bijection and is inverse to the
S—algebra map W. It follows that ® is also an S—algebra map and so ¥ is an isomorphism.

It remains to show the statement about I A, which recall is defined as the kernel of the natural map
RgsA — A induced by the identity map A — A. In particular, ajas — a1 ® ag € I A for all ay,as € A. Thus,
Q%(A) C V(IA) and hence Di>n Q2%F(A) C W(IA™). For the reverse inclusion, note that the following

diagram commutes, where the map Q¢’(A4) — A is projection onto the 0—degree component.

RsA

.

N4 A

/

QsA

Since W is an isomorphism, it follows that ¥(/A) = P, Q2 (A) and therefore Di>n Q2 (A) D U(IA™). O
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Corollary 5.8. The ideal IA™ C RgA is generated by the elements
(a1a2 — a1 ® az) ® (azas — a3 @ ag) @ - @ (a2p—102n — G2n—1 @ G2y,)
foray, ... as, € A.

5.2. Nilpotent generalized representations. It is interesting to see what kinds of objects we get by
imposing conditions on the curvature of a generalized representation ¢ : A — End(V') which are weaker than
w = 0. One obvious one is w®" = 0. In this case, g : A — End(V) is said to be nilpotent of degree n.

Corollary 5.8 implies that g is nilpotent of degree n if and only if

(o(araz) — o(a1)o(a2))(o(asas) — o(ag)o(as)) - - - (0(azn—1a2n) — 0(azn-1)0(az,)) =0

for all a; € A. Nilpotent generalized representations of degree n correspond to representations of RgA/IA™.
For simplicity, we take S = k. What can be said about nilpotent generalized representations?

If V is a nilpotent generalized representation of A of degree n, then we can filter V as
VOIA-VDOIA?. VD...DIA".V =0.

The associated graded space gr(V) = @, [A* - V/IA™! .V is a representation of RA/IA = A. Therefore,
we see that an algebra A has a nilpotent generalized representation of dimension n if and only if it has an
ordinary representation of dimension n. Furthermore, every nilpotent generalized representation V has a

basis with respect to which the g(a) have the form

pi(a)  fiz(a) -+ fiu(a)
0 p2la) -+ foula)
0 0 - :

0 0 0 pnla)

o(a) =

where the p; are representations A — V;, and the f;; are linear maps A — Hom(V;,V;) which satisfy

fij(14) = 0. This can be refined to get a description of the category RA/TA™ — Mod.
5.3. Superalgebras. Another universal problem whose solution is contained in QA is the following.

Definition 5.9. A superalgebra is an algebra A which is Z/2—graded. That is, as a vector space, A =
Ay ® A_ where Ay is a subalgebra, and Ay A_ C A_ D A_Ay, while A_A_ C A;.
Equivalently, a superalgebra is a pair (A,~) where A is an algebra and v : A — A is an automorphism

with 42 = 1.

Given an algebra A, there exists a superalgebra QA with the following universal property: there is an

algebra map A — QA, and if U is any superalgebra with an algebra map A — U, then there exists a unique
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map QA — U of superalgebras which makes the diagram

/

QA

S=<=—n

commute.

The superalgebra QA may be constructed as the coproduct A *x A in the category of k—algebras. Recall
that the category of k—algebras has coproducts. Indeed, given k—algebras A and B with presentations
A=Ek(S)/Ia, B=Fk(T)/Ip, where k(X) denotes the free algebra on a set X, we may define

AxB=kSUT)/I (6)

where I is the two-sided ideal generated by I, and Ig. It is an exercise to check that this is indeed a
coproduct of A and B.
The algebra A x A has a natural automorphism - of order 2. This can be seen from the categorical

definition. Explicitly, it is given by interchanging the generators of the two copies of A in the presentation

(6).

Theorem 5.10. [CQ95a, Proposition 1.3] Let A be a k—algebra. There is an isomorphism of superalgebras
between QA and (A, o) where o denotes the Fedosov product.

The proof of Proposition 5.10 is similar to the proof of Proposition 5.7, and can be found in the first
section of [CQ95a] (where more is also proved). Cuntz and Quillen then go on to give a little-known but very
interesting description of the free product A x B of any two algebras in terms of QA and QB (see [CQ95a,
Proposition 1.4]). It is remarkable that the solutions of so many universal problems should be expressible in

terms of differential forms.

5.4. Differential forms and Hochschild cohomology. Recall the reduced bar complezx of an algebra A.

This is a projective resolution of A in the category of A-bimodules, and it has the form
o AR AT ®A - ARARA— A0

with the differential ¥’ given by

n—1
V(ag,ai,...,a,) = Z(—l)i(ao, e @iy e ).
i=0
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We can identify A ® A% with 0"(A), and this enables us to rewrite b’ in terms of multiplication of forms.
Recall that (ag,...,a,) = apday - - - da,, in Q™*(A). We have

n—1

b (apday - - - day, @ any1) = Z(—l)iaodal coed(aiaigr) o dan ® apyq
i=1

+ (=1 "apday - - -dap—1 ® apant1 + apardas - - - day, @ apiq.

Now recall the rule for multiplication of forms:

n—1

(apday - - dan—1)a, = Z(—l)”_l_iao cood(aiaiyr) - dag.
i=0

We thus obtain
b (apday - - - day, @ dan.1) = (71)"*1(a0da1 coedap—1)an ® apy1 + (—1)"(apday -+ - dap—1 @ anani1
which may be written in general as
V(wda ®a') = (-1)*Nwa®d —w® ad), (7)

which is Equation 24 in [CQ95a]. We will use (7) to study algebras of low cohomological dimension with
respect to Hochschild cohomology.

Exercises 5.11. Exercises on dgas.

1
2

(1) Let (A,d) be a dga. Show that the Fedosov product on A is associative.

(2) Show that if A is a finite-dimensional algebra, then RA/IA™ is also finite-dimensional for any n > 1.
(3) Show that (6) is a well-defined coproduct in the category of algebras.

(4) If A is an object in a category C and the coproduct object A U A exists, show that A U A has an
automorphism of order 2.

6. SEPARABLE ALGEBRAS

In this section, we describe algebras of cohomological dimension 0 with respect to Hochschild cohomology.

Definition 6.1. An algebra A has cohomological dimension n if
H" A, M) =0
for all A-bimodules M, but there exists an A-bimodule M with H™(A, M) # 0.

From the definition of H™, we see that A has cohomological dimension 0 if and only if A is a projective
object of the category A — Bimod. We will now interpret this condition in terms of differential forms. Recall
from Proposition 4.14 that there is a short exact sequence of A-bimodules

0—QYA) - A A— A— 0. (8)
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If A is a projective object of A — Bimod, this sequence splits. But also, if the sequence (8) splits, then A is
a summand of A ®; A, which is a free A ® A°?’~module. Therefore, A is a projective A-bimodule if and
only if (8) splits. This is the case if and only if there exists a bimodule map s: A — A ®y A with ms = id 4.
Such a bimodule map s is determined by the element s(1) € A ® A, and this must satisfy ms(1) = 1 and
as(1) = s(1)a for all a € A. Conversely, if Z € A ® A satisfies m(Z) = 1 and aZ = Za for all a € A then we
may define a splitting s: A — A® A of (8) by s(a) = aZ for a € A.

Definition 6.2. Given an algebra A, a separability element is an element Z of the A-bimodule A®y A such
that aZ = Za for alla € A, and m(Z) = 1.

The above discussion shows that (8) splits if and only if A has a separability element.

Now note that a splitting of (8) is equivalent to giving a bimodule map p : A®;, A — Q' (A) which satisfies
pj = idgi 4y where j : Q'(A) — A ®; A is the map in (8), which is defined by jla®b) =a®b—ab® 1.
Such a bimodule map p is determined by Y = p(1 ® 1) since p(a ® b) = ap(1 ® 1)b for all a,b € A. Iffa € A
then da = pj(da) = pj(l1®a) =p(l®a—a®1) =Ya—aY, so p gives rise to an element Y € Q! (A) with
da = [Y,a] for all a € A. On the other hand, given such a Y, we may define p(a ® b) = aY'b and this gives a
splitting of (8). Thus, we have proved the following theroem.

Theorem 6.3. For an algebra A, the following are equivalent.

1
2
3
4

A has Hochschild cohomological dimension 0.
The sequence (8) splits.

(1)
(2)
(3) A has a separability element.
(4)

The universal derivation d : A — QY(A) is inner.
Definition 6.4. An algebra A which has a separability element is called separable.
We will now show that if £ = C, then being separable is equivalent to being semisimple.

Definition 6.5. An algebra A over an algebraically closed field k is called semisimple if A is finite-

dimensional and every left A—module is projective.

The Artin-Wedderburn Theorem states that an algebra A is semisimple if and only if there exist ni, no, ..., n,
with
A= M, (k) x My, (k) x - x M, (k).

Proposition 6.6. [CQ95a, Section 4] If A is a separable algebra over an algebraically closed field k, then A

s semisimple.

Proof. Let Z = """ 2, @ y; € A® A be a separability element. We may choose Z with n as small as

possible. Let V' = span{z;}. We show that V is a left ideal of A and that A acts faithfully on V. Given
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a € A, we have
n n
Yoari®y; =y i ®ya.
=1 1=1

The {y;} must be linearly independent. If they were not, then by gathering terms we could write Z as the
sum of < n — 1 simple tensors, which contradicts the choice of n. Therefore, there exist §; € A*, the linear
dual of A, with d;(y;) = 6;;. Therefore, applying 1 ® d;, we have ax; = >.""_, 2,.6;(yra) for all j. Therefore,
ax; € V. So V is a representation of A.

Now we show that V is faithful. If axz; = 0 for all ¢, then ), az; ® y; = 0. Applying m, we have
a=a)_,x;y; = 0. Therefore, A C End(V) is finite-dimensional.

Now let M be a left A-module. Since the sequence(8) splits, we have A®, A =2 A®Q(A) as A-bimodules.
Tensoring on the right with M gives A @, M = M & (Q1(A) ®4 M) as left A-modules. But A ®;, M is a

free module, and therefore M is projective, as required. O

Conversely, a semisimple algebra A is always separable. To see this, note that A = M,,, (k) x -+ x M, (k)
is Morita equivalent to the commutative algebra S = k X k- -- x k. But every bimodule over S is projective,
because S Q@ SP? = S®, S = @” Uij, where the U;; = ke; ® e; are one-dimensional S—bimodules. Any
S-bimodule may be written as a sum of the U;;, and hence is projective. By Morita equivalence, every
A-bimodule is also projective, and so A is separable.

Thus, over C the notions of separable and semisimple are the same.

7. QUASI-FREE ALGEBRAS

Now we look at cohomological dimension 1.
In order to understand the condition H?(A, M) = 0 for all M, we begin with a description of H2(A, M)

in terms of extensions. We define £xt%(A, M) to be the set of all extensions

where:

e B is a k—algebra.
e 7: B — Ais a surjective algebra map.

e (M) C B is a square-zero ideal.

modulo the equivalence relation that two such extensions0 - M - B— A —0and0 —- M — B’ — A — 0

are equivalent if and only if there is an isomorphism of algebras ¢ : B — B’ such that the following diagram
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comimutes.

Note that if 7 : B — A is a surjective algebra map with ker(7)? = 0, then ker(r) is automatically an A-
bimodule. Indeed, a left and right action of A on ker(7) may be defined by taking any vector space splitting
s: A — B of m and setting

a-m-b=s(a)ms(b)
for a,b € A and m € ker(w). It is an exercise to check that this is a well-defined bimodule structure on
ker(r). In the definition of the set £xt?(A, M), we should therefore make the further requirement that

e The natural A-bimodule structure on ker(r) coincides via ¢ with the bimodule structure on M.
Theorem 7.1. Let A be a k—algebra and M an A-bimodule. There is a bijection
H?(A, M) < Ext*(A, M).
Proof. See [Lod92, Theorem 1.5.4] for the details. O

We are interested in the situation when H?(A, M) = 0, so that £xt?(A, M) has only one element. But there
is always a trivial extension, given by A® M with the product (a1, m1)(az, ma) = (a1a2, mias +a;ms). This
is also denoted A x M. To state that H?(A, M) = 0 is therefore to state that every square-zero extension

with kernel M is equivalent to the trivial one. We call such an extension trivial.

Lemma 7.2. An extension

K

0 M—>B A 0

of A by M s trivial if and only if there exists an algebra homomorphism £ : A — B such that mf = id 4.

Proof. If
0—-M-—->B—-A—0

is trivial then there is a ¢ : B — A @& M making the following diagram commute.



If we let i4 : A — M @ A be the insertion, then ¢ := ¢~ 'i4 splits the map B — A, and it is an algebra map
because 74 is.

Conversely, suppose such an algebra map ¢ : A — B exists. We may then define ¢ : M & A — B by
o(m,a) = j(m) + £(a) where j : M — B is the given inclusion map. It is an exercise to check that ¢ is an

algebra isomorphism. O

Definition 7.3. If 7 : B — A is a square-zero extension (ie. an algebra homomorphism with ker(m)? = 0),

then an algebra homomorphism £ : A — B with nf = id 4 is called a lifting homomorphism.

We see that H?(A, M) = 0 for all M if and only if every square-zero extension of A has a lifting homo-

morphism. Now we give another characterization.

Proposition 7.4. [CQ95a, Proposition 3.3] Let A be an algebra. Then H?*(A, M) = 0 for every A-bimodule
M if and only if Q1(A) is a projective object in A — Bimod.

Proof. Once again, we use the short exact sequence (8)
0—>Ql(A)—>A®A—>A—>O.

For each ¢, this yields a long exact sequence of Ext groups in A — Bimod.

— Ext!(A ® A, M) — Ext'(QY(A),M) — Ext'™(A,M) — Ext"™ (A ® A, M) —
Since A ® A is a free A-bimodule, we get
Ext‘(Q(A), M) = Ext"™ (A, M)
for each i. But H*(A, M) = Ext’(A, M) by definition. Taking i = 1, this proves the proposition. O

Definition 7.5. An algebra A is called formally smooth or quasi-free if H2(A, M) = 0 for all A-bimodules
M.

We have already seen that formal smoothness is equivalent to every square-zero extension having a lifting

homomorphism. More generally, we have the following.

Definition 7.6. An algebra A is formally smooth if and only if for every square-zero extension B — C of
an algebra C, and every morphism f: A — C, there exists a lifting f: A — B making the following diagram

commute.

=<—20Q

A

_—
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Proof. The proof was shown to me by Yuri Berest. Given a square zero extension w : B — C and a map

f:A— C, we form the pullback Z = {(a,b) € A x B:7w(b) = f(a)}.
q
zZ —C
p l i ™
f
A——B
The kernel of p is {(0,b) : w(b) = 0}, which is a square-zero ideal in Z because ker(r) is a square-zero ideal

in B. Therefore, p has a lifting homomorphism ¢. Then f: q¢ is the desired lifting of f. ]

Proposition 7.7. An algebra A is quasi-free if and only if for every surjective algebra homomorphism

7w : B — C with ker(w) a nilpotent ideal, and every f: A — C, there exists a lifting f: A— B.

Proof. Let I = ker(w). The proof precedes by induction on the nilpotency degree of I. We have a map

f+A— C/I, and there is a square-zero extension
0—I/I? - B/I* - B/I — 0,
so we get a lifting of f to a map A — B/I%. Now consider the square-zero extension
0— I1?/I* - B/I* - B/I*> - 0
and continue in the same manner. O

Proposition 7.7 shows that the Cuntz-Quillen definition of formal smoothness coincides with Grothendieck’s
definition of formal smoothness in the category of commutative rings (see [Gro67, 17.1.1]). It is natural to
ask whether a smooth commutative algebra is actually formally smooth in the noncommutative sense. But

in fact, this is not the case.

Example 7.8. Let A = k[z,y]. Then A is a smooth commutative algebra, but the HKR Theorem states
that H2(A, A) = /\124 Der(A), which is a free A-module of rank 1. So A is not quasi-free.

However, k[z] is formally smooth. Indeed, any free algebra is formally smooth because it automatically
satisfies any of the stated lifting properties (this is the reason for the terminology quasi-free). We shall see
later that formally smooth algebras are rather scarce.

The fact that k[x,y] is not formally smooth means that there is some square-zero extension of k[z,y] for
which no lifting homomorphism exists. If we want to construct an explicit example of such an extension, a
first guess would be to take

EX,Y)/(XY - YX)? — K[z, y].

To show that there is no lifting homomorphism for this extension, we can use the following proposition.

Proposition 7.9. Let A be a k—algebra. The following are equivalent.
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(1) A is formally smooth.

(2) For all presentations A = F/I with F free, there exists a lifting homomorphism F/I — F/I?.

(3) There exists a presentation A = F/I with F free, such that there is a lifting homomorphism F/I —
F/I2.

Proof. We just need to check that the existence of a presentation A = F/I with a lifting homomorphism
¢: F/I — F/I? implies that A is quasi-free. For this, let 7 : B — A be any square-zero extension. We need
to find a lifting homomorphism ¢: A — B.

Suppose F' is the free algebra on {X; : ¢ € I'} and write x; for X; + I € A. For each i € I, choose b; € B
with 7(b;) = x;. Define A : F — B by MX;) = b;. Then 7\ is the quotient map F' — F/I, and hence
ker(m\) = I. Therefore, A\(I) C ker(r) and so A(I?) C A(I)? = 0. Therefore X induces a map X : F/I?> — B.
Taking ¢ = A\, we get 7 = mA( = id 4, as required. O

7.1. The universal extension. Recall from Proposition 4.13 that for an algebra A, RA = R; A is the free
algebra on the vector space A. Thus, Proposition 7.9 implies in particular that A is quasi-free if and only if

the square-zero extension

RAJIA? — A

has a lifting homomorphism. By analysing such lifting homomorphisms more closely, Cuntz and Quillen

related quasi-freeness to existence of a right connection V : Q*(A) — Q%(A). We now explain this.
Proposition 5.7 implies that RA/IA? is the vector space A @ Q?(A) equipped with the Fedosov product.

Any lifting homomorphism A — RA/IA? is given by a — a — ¢(a) for some linear map ¢ : A — Q?(A). The

condition that a — a — ¢(a) is an algebra map implies
(a1 — ¢(a1)) o (a2 — ¢(az)) = a1 0 az — d(a1) 0 az — ay o P(az) + ¢(a1) o P(az)
for all a;,as € A, where o is the Fedosov product. This reduces to the equation
P(araz) = ard(az) + ¢(a1)az + daiday 9)

for all a1, as € A.

We relate (9) to a splitting of a short exact sequence. Recall that there is a short exact sequence
0—-0Q"4) - A®A—-A—-0

of A-bimodules. As a sequence of left A-modules, this sequence splits because A is a free left A-module.

We can then tensor on the left with Q(A) to obtain another split short exact sequence of the form

0 —> QL(A) @4 Q(A) —= QL(A) @p A —= QL(A) —> 0
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But it follows from the proof of Proposition 5.3 that Q!(A4) ®4 Q1 (A) =2 Q?(A), and so we have a short exact
sequence of A-bimodules

0 —= Q2(4) ——> Q1 (A) & A ——> Q(A) —= 0 (10)
where j(apdaidas) = apdaidas ® 1 — agda; ® das and m(apda; ® b) = agday - b.

Lemma 7.10. [CQ95a, Proposition 3.4] There exists a linear map ¢ : A — Q2(A) satisfying (9) if and only
if the short exact sequence (10) splits.

Proof. A splitting of (10) is equivalent to a map of A-bimodules p : Q' (4)® A — Q?(A) with pj = id. Since
O A) @k A = A®r A®y, A, such a p is of the form p(azb) = a¢(x)b for some ¢ : A — Q?(A). By evaluating

p at daidas for ay,as € A, we get
p(daidas) = p(day - as ® 1 — dag ® as
= p(d(araz) ® 1 — a1das ® 1 — day ® das)
= ¢(araz) — a1¢(az) — d(a1)as.
From this, we see that pj = id is equivalent to ¢ satisfying (9). |
We can use this to get another characterization of quasi-freeness.
Proposition 7.11. [CQ95a, Proposition 3.4] A k—algebra A is quasi-free if and only if there exists a linear
map
V. 01(4) - 02(4)
satisfying
V,(aw) = aV,(w)
V,(wa) = (V,w)a + wda
for all w € Q' (A) and all a € A.
Proof. From Lemma 7.10, we see that A is quasi-free if and only if there exists ¢ : A — Q2(A) satisfying

(9). Giving a linear map ¢ : A — Q2(A) is the same as giving a left A-map V,. : A®, A = Q}(A) — Q?(4),
defined by V,(a ® b) = a¢(b). We then compute

Vr(aodaia) — V. (apday)a — apdarda = V.. (ap(dara)) — V,(aparda) — V. (agday )a — apdaida

which equals
app(ara) — apard(a) — app(ar)a — apdaida

for all ag, a1, a € A. Therefore, (9) is equivalent to

V(apdaia) = V,(apday)a + apdaia
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for all ag,a1,a € A. (]

Remark 7.12. A map of the form V, is called a right connection on the bimodule Q!(A). Thus, we can
say that A is quasi-free if and only if Q!(A) has a right connection.

7.2. Examples of quasi-free algebras. So far, the only examples we have seen of quasi-free algebras are
free algebras and semisimple algebras. We now give some further examples.

The first thing we want to prove is that Hochschild dimension < 1 implies global dimension < 1. Recall
that an algebra is called (left) hereditary if every submodule of a projective (left) module is projective.
Equivalently, every module has a projective resolution of length 1, that is, if M is a left A—-module then there

is a short exact sequence

0P —-FP—M-—0

with Py, P; projective.
Theorem 7.13. If A is a quasi-free algebra then A is left and right hereditary.

Proof. We begin by considering the short exact sequence (8) of A-bimodules.
0—QYA) - A, A—A—0

This splits as a sequence of right A—modules, because A is a projective right A—-module. Therefore, A®j; A =
Q(A) D A as right A-modules. Now let M be a left A—module. Then we have A®y M =2 (Q;(A) @4 M)® M,
and hence the sequence obtained by tensoring (8) with M on the right remains exact. Thus, we have a short

exact sequence of left A—modules
0— QY A) @4 M — A®p M — M — 0.

The middle term is a projective left A—module because it is a direct sum of copies of A. We show that the
left hand term is projective. Because A is quasi-free, Q!(A) is a projective A-bimodule. Therefore, there

exists an A-bimodule ) with
Q' (A) e Q= (A®y A?)®, B

for some vector space B (B is just a convenient way of recording how many copies of A ® A° appear in the

free module). Applying — ® 4 M we obtain
(Q(A) @4 M) D (Q R4 M)~ ARy By M

and so Q!'(A) ®4 M is a summand of a free left A-module, so it is projective. Thus, M has a projective
resolution of length < 1. The same argument works when M is a right A-module, showing that A is left

and right hereditary. O
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Theorem 7.13 imposes a strong restriction on a quasi-free algebra A. For example, if A is a finite-

dimensional k—algebra with k algebraically closed, then A is hereditary if and only if A is Morita equivalent

to a path algebra k@ for some quiver Q. If A is a finitely-generated commutative k—algebra, then A

hereditary implies that A has finite global dimension, so A must be smooth, and furthermore A must have

Krull dimension 1. Thus, A is the coordinate ring of a smooth affine curve.

Having seen that the class of quasi-free algebras is quite restricted, let us now list some ways to construct

new quasi-free algebras from old ones.

Proposition 7.14. [CQ95a, 5.3] If A is a quasi-free algebra, then the following algebras are also quasi-free.

(1)
(2)
(3)
(4)

The free product A x B, for any quasi-free algebra B.
Any formal localization Ag for S C A.

TA(N) where N is any projective object in A — Bimod.
Any algebra C which is Morita equivalent to A.

(1) If A and B are quasi-free k—algebras, suppose m : C' — A x B is a surjective algebra map
with ker(m)? = 0. We wish to find a lifting homomorphism ¢ : A * B — C. There are natural maps
A — Ax B and B — A x B into the coproduct. We get lifting homomorphisms ¢4 : A — C and
¢p : B — C. These combine to give the desired lifitng homomorphism (£4,¢p): Ax B — C.

For a subset S C A, the algebra Ag is defined via the following universal property: there is a map
a: A — Ag such that a(s) is a unit for all s € S, and if § : A — B is any algebra map such that
6(s) is a unit for all s € S, then there exists a unique 6’ : Ag — B such that 8’a = 6, in other words,

the following diagram commutes.

A —s Ag

AN

B
The existence of Ag may be proved by taking As = A x k{ts : s € S)/I, where I is the two sided
ideal generated by tss — 1 and st; — 1 for s € S.

Now suppose A is quasi-free. We wish to show that Ag is quasi-free. Suppose 7 : B — Ag is a
surjective algebra map with ker(7)? = 0. Then the natural map o : A — Ag has a lifting 6 : A — B
with 70 = a. If we can show that 6(s) is a unit for all s € S, then the universal property of Ag
will give the desired lifting Ag — B. Let s € S. Since wf(s) is a unit, there exists u € B with
1 —uf(s),1 —0(s)u € ker(m). Therefore, (1 —ub(s))? = (1 — (s)u)? = 0. But for any u, v, we have
(1 —uv)? =1 —2uv +uvuv = 1 — (2u — uvu)v and so O(s) has a left inverse in B. Similarly, #(s) has
a right inverse, so the left and right inverses must coincide, and 6(s) is a unit.

Suppose A is a quasi-free algebra and N is a projective A-bimodule. Suppose 7 : B — T4 (N) is a

surjective algebra map with ker(m)? = 0. There is a natural map A — T4 (N) and this induces a
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map 6 : A — B because A is quasi-free. The map 6 makes B into an A-bimodule. Thus, because
N is projective and we have a surjection ™ : B — Ta(N) of A-bimodules, we get a map of A-
bimodules 1) : N — B | by definition of projectivity. We have the following commutative diagram of

A-bimodule maps.

N
¥

X

T

|

l
B Ta(N)
T

/

0
A

The universal property of T4 (N) then gives a map T4(/N) — B which is a lifting homomorphism for
7 (recall that this map is given explicitly by n1 ® -+ - @ n,. — ¥(n1) - - - (n,) in degree > 1).
(4) If A and B are Morita equivalent, then Theorem 3.9 implies that H?(A, M) = 0 for all M if and
only if H2(B, M) =0 for all M. Thus, A is quasi-free if and only if B is quasi-free.
O

Examples 7.15. Some examples:

(1) If A is a quasi-free algebra, then by Proposition 7.14, so is M,,(A), because it is Morita equivalent
to A.

(2) If @ is a quiver then kQ = Ts(A) by definiton, where A is the span of the arrows of Q). The
S—bimodule A is projective because S is semisimple, and so kQ is quasi-free.

(3) If A is a quasi-free algebra and a finite group G acts on A by algebra automorphisms, then Ty (A)

is quasi-free.

Exercises 7.16. Exercises on quasi-freeness.

(1) Let R be aring. Show that every left R—module has a projective resolution of length < 1 if and only
if every submodule of a projective module is projective. (Hint: use the long exact sequence for Ext).

(2) Show that if A is quasi-free, then so is the algebra QA.

(3) If A and B are quasi-free algebras, show that the product A x B is quasi-free.

(4) Show that the tensor product A ® B of quasi-free algebras need not be quasi-free.

7.3. Quasi-free algebras and completions. Let R be a k—-algebra and I C R a two-sided ideal. Then we
may define the i—adic completion of R with respect to I as follows.
R=1lim R/I"
—
n>1
Explicitly, this is the set of sequences

{(s1,82,...): 8 € R/Ii and s, + I' = s; for all i}.
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Recall that this algebra may also be defined via the universal property that for all i, there exists an algebra

homomorphism 7; : R— R/I%, such that the following diagram commutes.

AN

R/IiJrl

R/I

for all i, and such that if Z is a k—algebra and there are maps 6; : Z — R/I® for all i making the following
diagram commute

Z

N

R/IiJrl

R/T'
then there exists a unique map 0 : Z7 — R with m;0 = 6; for all 4.

We can characterize quasi-freeness in terms of completions in the following way.

Proposition 7.17. Let A be a k—algebra. Then A is quasi-free if and only if for all k—algebras R and ideals

ICR,ifa:A— R/I is an algebra map, then there exists an extension a : A — R such that the diagram

R
A—2> R/I

commutes.

Proof. Suppose the given lifting property holds. Let 7 : B — A be a square-zero extension and let I = ker(7).
Denote by B the completion of B with respect to the ideal I. Then B = B and therefore there exists a
lifting homomorphism A — B, so A is quasi-free.

Conversely, suppose A is quasi-free. Let o : A — R/I. By quasi-freeness, this can be lifted to as : A —
R/I?. Inductively, as in the proof of Proposition 7.7, we obtain a; : A — R/I" for every i > 1, and therefore

a lifting homomorphism a : A — R. |

One of the things proved by Cuntz and Quillen in [CQ95a, Section 7] is that given an algebra homomor-
phism « : A — R/I, there is a canonical way to get a lifting A — R. We will explain this construction and
also explain in what sense it is universal.

Suppose A is a quasi-free k—algebra. Write RA for Ry A. There exists a lifting homomorphism A —
RA/IA%. We will use this to construct a map £: A — ]/%27 where RA denotes the completion of RA with
respect to the ideal TA. Recall from Section 7.1 that the lifting A — RA/IA? has the form a — a — ¢a
where ¢ : A — Q2(A) satisfies

a1p(az) + ¢(ar)as = ¢(araz) — dardasg
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for all aj,as € A. By Lemma 4.13, RA is the free algebra Ty(A). Thus, we may define a derivation
D : RA — RA by setting

for a € A. This makes sense because ¢(a) € Q2(A), and we have an identification RA = (Q¢(A),0) where
o denotes the Fedosov product of forms. From Proposition 5.7, we also know that under this identification,
I A* is identified with the even forms of degree > 2k. Since D(1) = 0 because D is a derivation, we have
D(RA) C Q%(A) C I A and therefore D(IA*) C TA* for every k > 1.

Following [CQ95a], we now make the following calculation. For a1, as € A, we have
D(daydas) = D(ajas — a1 © ag)
= ¢(araz) — ay o D(az) — D(a1) o as
= ¢(ara2) — ar¢(az) — d(ar)az + dardg(az) + do(ar)das
= daydaz + daidp(ag) + dp(aq)das

Now consider the action of D on a 2n—form agdaidas - - - das,—1das,. Using the fact that D is a derivation

and the above calculation of D(dajdas), we see that
D(aodaldaz cee dagn_ldagn) = (H + L) (agdaldag cee dagn_ldagn)

where H : RA — RA is the linear map defined by H(w) = iw for w € Q%(A), and where L : RA — RA is
the linear map defined by

2n
L(aodaldag e da2n_1dCL2n) = gb(ao)daldaz e dazn_ldagn + Z aoda1 e daj_ldqb(aj)daj+1 e da2n.

j=1
Thus, by linearity, we have

D=H+ L.
Also, since L raises degree by 2, we obtain that
(D—k)---(D—-1)D(RA) c TAF,

Now, for a fixed k, D induces a derivation D : RA/TA**1 — RA/TA**1 and this derivation satisfies
(D —k)---(D —1)D = 0. We now use the following exercise.

Exercise 7.18. Let V be a (possibly infinite-dimensional) vector space and A : V' — V a linear trans-
formation. Suppose that (A — A;)---(A — A,) = 0 for some scalars \;, which are all distinct. Then
V=@ ker(A—\).

From Exercise 7.18, we conclude that

k
RA/IA*T = (Bker(D — i),
=0
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the direct sum of the eigenspaces of D. From Proposition 5.7, we also know that
k
RA/TAM = P O%(A).
i=0

For an eigenvector v of D, we have v = Zf:o w; with w; € Q%(A). Define the leading term of v to be
o(v) = w;, with the smallest i such that w; # 0. Since D = H + L, we see that if v is an eigenvector
with eigenvalue i, then o(v) € Q%(A). We claim that the map o : ker(D — i) — Q% (A) is a vector space
isomorphism.

To see that o is one-to-one, suppose that v and w are i—eigenvectors with the same leading term. Then
D(v—w) =i(v—w) € Q*(A)N D, 0% (A) =0. So i(v —w) = 0 and hence v = w. Therefore, the map is
one-to-one. To see that it is onto, let w € Q% (A). We exhibit an eigenvector v with o(v) = w by v = e L (w).

Since we are working in RA/IA**! L is nilpotent and so e~* makes sense. We may compute:
Dv=(H+ Le L(w)

— (=1)F — (D%
H o Lw+szL w
=0

k=0
Dk N D e
Z 5 (k+1i)L w+z o L w
k=0 k=0

zi (_1)kLkw

k!
k=0
=w
Thus, e~ L : Q%(A) — ker(D — i) is a linear isomorphism which is inverse to o, since clearly o(e fw) = w.

Now, e~ ! is also an algebra isomorphism, because if w € Q2!(A) and n € Q% (A) are homogeneous elements,

then e~ L(wn) and e~ L (w)e~F(n) are eigenvectors of D with eigenvalue i+ j and leading term wn. Therefore,

L

they must be equal. Hence, e™" is a bijective algebra map and therefore is an algebra isomorphism.

Corollary 7.19. If A is quasifree then for any k > 0, there is an isomorphism of algebras
k
e b @PO%(A) - RA/TAFT.
i=0

Combining Corollary 7.19 with Proposition 5.7 shows that the vector space 69?:0 0% (A) equipped with
the Fedosov product is isomorphic to the same vector space equipped with the usual product of forms.

Combining the isomorphims e~* for different values of k yields the following corollary.
Corollary 7.20. [CQ95a, Section 7] If A is quasifree then there is an isomorphism of algebras
e b (Ale”(A) — RA

where the left hand side is the completion of QY (A) with respect to the ideal of forms of positive degree, and

the right hand side is the completion of RA with respect to the ideal T A.
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7.4. Universal lifting homomorphism. We are now in a position to answer the question from the begin-
ning of this section. Let A be a quasifree algebra and let R be an arbitrary algebra with I C R a two-sided
ideal. Suppose we are given a map « : A — R/I. We show how to extend a to a: A — R in such a way

that the following diagram commutes.

R

A—2> R/I

Since A is quasifree, there exists ¢ : A — Q2(A) such that a — a — ¢(a) is a lifting homomorphism A4 —
RA/IA2. Using the definitions from the previous section, we obtain a lifting homomorphism e=% : A — RA.
For any k > 1, this induces a homomorphism A — RA/IA*+! which we also denote by e~ .

Given our map o : A — R/I, let n > 2. We first find a map a,, : A — R/I"™ making the following diagram

commute.

R/I"
A—2> R/I

We will then put the «, together to construct the map a.

Note that ker(w) = I/I", so ker(m)® = 0. Let s, : R/I — R/I™ be a linear map with ws, = id
and with s,(1) = 1. We may choose the s, for each n > 2 in a compatible way, that is, s,_; is the
composition of the canonical projection R/I" — R/I""! with s, : R/I — R/I"™. For z,y € A, we have

b curvature

spa(zy) — spa(z)spa(y) € ker(m), and so s,a : A — R/I™ is a based linear map whose n'
vanishes. Therefore, there exists a unique algebra map ¢, : RA/TA™ — R/I"™ defined by ¢, (a) = spa(a)
for @ € A. But we also have the ring homomorphism e=% : A — RA/IA"™, and we now claim that v,e~%

lifts a. That is, we claim that the following square commutes.

n
RAJIA™ — s R/I"

A—>2 > R/I

To see this, let a € A. Then e~ L(a) = a + z for some z € @?:1 0% (A) = TA/TA™ C RA/IA™. Therefore,
mpne~L(a) = 7y (a + 2) = wspala) + 7, (2) = ala) + m,(2). We need to show that 71, (IA) = 0. But

IA C RA is generated by elements of the form z ® y — zy for x,y € A. Since w1, is a ring homomorphism,
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we have

T (T @y — 2y) = T ()70 (y) — TP (vy)

= wspa(z)rspaly) — Tspa(zy)

= a(z)a(y) — alzy)
=0
for all z,y € A. We obtain m),e~* = o as required. We may therefore take the lift v, := ¥ne L.

To solve the original problem, we may put the maps 1,, together to get a ring homomorphism v : RA — ]?Z,

and we see that the following square commutes.

— ¥ ~
RA—™R

e L T \L T
(e}
A — R/I
We take @ = tve~r. Thus, using nothing but the original ¢, we have constructed a lift of an arbitrary

morphism A — R/I to a morphism A — R.

7.5. A universal property. The following exercise explains one sense in which the above construction is

universal.

Exercise 7.21. Let A = R/I be any nilpotent extension of a quasifree algebra A (ie. I is a nilpotent ideal
of R). Let p: A — R be a based linear map such that the composition of R — R/I with p is the identity.
Show that there exists a unique algebra map py : RA — R such that pxe~F is a lifting homomorphism for
the projection R — R/I = A. Here, RA denotes the completion of RA with respect to the ideal I A, as

above.

8. CONNECTIONS

We end these lecture notes with some remarks on connections, which were introduced in Section 7.1 above.
The notion of a connection on a one-sided module is due to Connes, and this was generalised to connections

on bimodules by Cuntz and Quillen.

8.1. Connes connections. Let A be an algebra and let E be a right A-module.

Definition 8.1. A (Connes) connection on E is a linear map
V:E— E®sQ(A)
such that
V(éa) =V(§a+E®da

foralla € A and all € € E.
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Any such V may be extended uniquely to V : E®4 QA — E ®4 QA in such a way that V(nw) =
(Vn)w + (=1)"ndw for homogeneous forms 17 € E ® QA, w € QA of degrees |1|, |w| respectively.

There is a natural multiplication map m : £ ®; A — E. We claim that sections of the right A-module
map m correspond bijectively to connections on E. We now verify this claim.

Recall that we have a short exact sequence of A-bimodules
0 — > QY(A) —> A@p A —> A — 0.

Because A is a projective left A—-module, the sequence splits as a sequence of left A—-modules. Therefore, on
tensoring it on the left by any right A-module F 4, we obtain a short exact sequence of right A—-modules of

the form
1®j m
00— Ex4QYA) —= E@pr A ——=FE ——=0

in which the second map is m. Let us temporarily denote by 7 the natural quotient map F @ Q'(A4) —
E®q QI(A)

Given a section s of m, we define Vi : E — E ®4 Q'(A) by V= 7(1 ® d)s. We now check that V is a
connection on E. Given £ € FE and a € A, we write s(§) = > & @& with & € E and & € A. We may then
make the following calculation.

V(€a) = m(1 @ d)s(€)a
=) w(& ®déa)
=Y 76 @ (&2da + d(&)a))
=Y Q& @dat )y (G®dE)a
=ms(§) @ da + (Vs&)a
=¢{®da+ (Vi&a

This shows that V is a connection on E.

Conversely, given a connection V : E — E ®4 Q'(A), we define

sv(§) =¢@1a — (1@ 5)(V(E))

for £ € E. We now verify that sy is a section of m. Because m(1 ® j) = 0, all that needs to be checked is

that sy is a right A-map. We have

sv(a)=¢a®14—(1®7)(V()a+E®da)
=¢{Ra—-—(1®7)(V(E)e—E®@a+€a®1

for all £ € F and all a € A, where we used the definition of j from Proposition 4.14. The last two terms

cancel, which shows that s is an A—module map, as desired.
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We now check that V — sy and s — V, are mutually inverse. Given a connection V on E, let us write

VE =371 ®dny, for £ € E. We then calculate as follows.
Vg (§) = m(1® d)sv ()
=n(1@d)(E®1a—j(VE))
T(l@d)(=)_j(n ®de))
=> m11@d)(-m72@1+n ®72)

= Z’h ® dy2

= V().

Finally, given a splitting s of m, we write s(§) = > & ® & as before, and calculate as follows.

59.(6) = £® 14— j(V,(6))
=t@la—jr(led))y H®&
—(@1la—) (46014 -6 ®6)
=(@la-ms()@lat) L&
=s(¢),

so that sy, =s.
This finishes the proof that s — V, is a bijection between the set of splittings of m and the set of

connections on FE.
Corollary 8.2 (Connes). A right A-module E4 has a connection if and only if E4 is projective.

Proof. If E4 has a connection, then F ®; A — E — 0 splits as a sequence of right A-modules. But then E
is a summand of the free right A-module F ®; A, so is projective. Conversely, if F is projective then m is

split, and so F must have a connection. O

Examples 8.3. It is easy to check that d : A — Q!(A) is a connection on A 4, for any algebra A. Generalising
this, there is a connection on A% given by V(as,...,a,) = (dai,...da,). Finally, for a general finitely-
generated projective right A—module P, we have P = eA™ for some idempotent e € End4(A™). Then we
may define a connection in P by sending e(a; ...,a,) to e(day,...,da,). This is called a Grassmannian

connection in [CQ95a, Section §].

8.2. Right and left connections. In the paper [CQ95a], the above notions of Connes were generalised to

bimodules E. In the following, let A be an algebra and let 4E4 be a bimodule.

Definition 8.4. A right connection on E is a linear map

V,:E— E®4 Q' (A)
48



such that for all a € A and all £ € E, we have

Vi (ag) = aVr(§)

V. (€a) = (V,€)a+ £ @ da.
A left connection on E is a linear map
Vi:E— QY (A) @4 E
such that for all a € A and all £ € E, we have

Vi(§a) = Vi(§)a

Ve(ag) = a(Ve€) +da® €.

In particular, we see that a right connection on 4 F 4 is a special kind of Connes connection on E4. We
can relate the existence of a right connection to the existence of a splitting in the same way as we did for
Connes connections. To do this, let 4E4 be an A-bimodule and let V : E — E ®4 Q'(A) be a Connes

connection on E4. Then the definition of sy leads to the following formula.

sv(a§) —asv (&) = (1©4)(=V(ag) +aV(E))

for all a € A and for all £ € E. From this we see that if V is a left A-map, then so is sy. Conversely, if sy
is a left A—map, then so is V, because 1 ® j is injective. From this, and its analogue on the other side, we

deduce the following corollary.

Corollary 8.5. Let A be an algebra and sE 4 an A-bimodule. Then E has a right connection if and only if
the natural map E Q@ A — E splits as a map of bimodules. Similarly, E has a left connection if and only if

the natural map A @, E — E splits as a map of bimodules.

Definition 8.6. Let A be an algebra and E an A-bimodule. A bimodule connection on WE is a pair

(Vy,V,.) where Vg is a left connection on E and V. is a right connection on E.

Proposition 8.7. [CQ95a, Section 8] Let A be an algebra and E an A-bimodule. There is a bimodule

connection on A if and only if E is a projective object of A — Bimod.

Proof. If E has a bimodule connection, then there exist bimodule maps s1 : F — EQrAand so : E — AQp E
which split the respective multiplication maps. Then it is easy to check that (sa®14)s1: E — AQr EQy A
splits the map a®£®b — alb. Hence F is a summand of the free A-bimodule AQ; E®; A = (AR, AP)Qk E,
and so is a projective bimodule.

Conversely, if E is a projective A-bimodule, then there is a bimodule splitting s : £ — A ®; F ®j A.
Ifmpg: ARy F — E and m, : E®; A — E are the natural maps, then it follows from the above that

(Vime21)ss V(1@m,)s) is a bimodule connection on £. O
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Recall that we showed that an algebra A is quasi-free if and only if Q!(A) is a projective bimodule if and
only if Q'(A) has a right connection. (See Section 7.1.) In view of Proposition 8.7, Q!(A) should also have

a left connection. The following proposition answers the question: what happened to the left connection?

Proposition 8.8. [CQ95a, Proposition 8.5] Let A be an algebra. Then Q' (A) has a left connection if and

only if it has a right connection.

Proof. There is a bijection between left and right connections on Q!(A) given by sending a right connection
V,toV,: =V, +d.

To show this, we identify Q!(A) @4 Q1 (A) with Q?(A) via multiplication, as in Proposition 4.13. Then a
right connection on Q!(A4) may be viewed as a linear map V,. : Q'(A) — Q2?(A) which satisfies V,.(adbc) =
aV.,.(db)e + adbde for all a,b,c € A. Setting V, = V,. + d, we compute

V(adbe) = aV.,.(db)c + adbde + d(adbc)
= aV,(db)c + adbdc + d(adb)c — adbdc
= a(V, + d)(db)c + dadbc

= aV(db)c + dadbe

which shows that V, is a left connection. Similarly, if we start with a left connection V, on Q'(A), then

V, =V, —d is a right connection. O

Exercises 8.9. Exercises on connections.

(1) Show that if A is an algebra and V,. is a right connection on 4 A4 then A is separable.
(2) Show that, for any algebra A and any n > 0, there is a one-to-one correspondence between left

connections on Q"(A) and right connections on Q"(A).

9. GOING FURTHER

In this course, we did not cover all of the paper [CQ95a]. Some of the omitted sections are, in particular:
Propositions 2.6 to 2.8 (relative forms on a tensor algebra); Proposition 2.9, Corollary 2.10 (cotangent exact
sequence); Proposition 2.1 (uniqueness of separability element); Proposition 5.4 (quasi-freeness of a limit
of quasi-free algebras); Section 6 (formal tubular neighbourhood theorem); Section 7 (universal liftings and
separability elements); Section 8 (geodesic flow and the exponential map - this was briefly discussed in class).

Many of the results in [CQ95a] should not be considered in isolation. They were proved in order to be
used in subsequent papers. Therefore, anybody who wishes to understand these results fully should look at
the papers [CQ95b], [CQI5¢], [CQI7]. A first step in studying these papers is to read about cyclic homology,
which we were not able to cover due to lack of time. A reference for this is the book [Lod92]. In order to
study cyclic homology, spectral sequences are essential. An excellent introduction to spectral sequences can

be found in the lecture notes [Vak07].
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Other sources of information about quasi-freeness are [Gin05, Section 19] and the references therein. There
are 61 references to [CQ95a] listed on Mathscinet. It is worth looking at them to get an idea of how the

notion of quasi-freeness is used in noncommutative algebra.
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